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Non-Technical Summary

After a severe crisis that hit many advanced economies starting in 2007, various measures
were adopted to stimulate economic activity. In many countries, monetary authorities stepped
in, considerably reducing their nominal interest rates. In some of them, these rates reached
the effective lower bound of zero or near zero. Precluded from continuing stimulating their
economies through monetary policy, these countries promoted significant fiscal stimuli.

A larger stimulative effect of fiscal policy, when monetary policy is bounded by the nominal
interest rate zero lower bound, has been vastly debated in the literature since then. However,
in general, the focus of the discussion was on monetary and fiscal authorities’s actions during
the crisis. This work contributes to the discussion of the impacts of fiscal stimuli in an economy
with zero nominal interest rate, but considering agents’ expectations about future actions from
monetary and fiscal authorities. It uses a simple model in which expectations with respect to
future levels of output and inflation are key elements for the determination of their present
levels as well. This allows one to show that not only policies implemented during the crisis are
important to stimulate the economy, but also the correct signaling regarding future policies is
crucial to quantify the effects of the implemented stimuli.

The discussion proposed presents how these effects primarily depend on what agents expect
the authorities will do after the dissipation of the shock that led to the crisis and how these
policies are coordinated. It shows that, to amplify the stimulative effect of fiscal policy, it is
critical that monetary policy continue to be accommodative for a few periods after the crisis is
over, that the fiscal authority be able to implement the proposed stimulus quickly and that its
duration be correctly signaled. Lastly, the paper discusses the implications of various policies’
combinations in terms of welfare and point that this evaluation must consider not only the
effects of policies adopted during the crisis, but also of those expected to be adopted in the

future.



Sumadrio Nao Técnico

Apés a grave crise que atingiu as principais economias avancadas a partir de 2007, véarias
medidas de estimulo da atividade econdémica foram adotadas. Em muitos paifses, as respecti-
vas autoridades monetdrias agiram reduzindo consideravelmente suas taxas nominais de juros.
Em alguns deles, essas taxas chegaram ao limite inferior efetivo de zero ou préximo de zero.
Impedidos de continuar estimulando suas economias através da politica monetaria, esses pafses
promoveram significativos incentivos fiscais.

O maior efeito estimulativo da politica fiscal, quando a politica monetédria estd restrita a taxa
nominal de juros zero, tem sido vastamente debatido na literatura desde entao. No entanto, o
foco da discussao, em geral, tem sido nas acoes das autoridades monetdria e fiscal durante os
momentos de crise. Esse artigo contribui para a discussao dos impactos de estimulos fiscais em
uma economia com taxa nominal de juros zero, mas levando em consideracao as expectativas
dos agentes sobre acoes futuras das autoridades monetédria e fiscal. Usa-se um modelo simples
no qual expectativas em relacao aos niveis futuros de produto e inflagado sao elementos chave
para determinacao dessas varidveis também no presente. Com isso é possivel mostrar que nao
apenas politicas implementadas durante a crise sao importantes para estimular a economia, mas
também a correta sinalizacao em relagao as politicas futuras é fundamental para quantificar o
efeito dos estimulos implementados.

A discussao aqui proposta apresenta como esses efeitos dependem primordialmente do que
os agentes esperam que as autoridades farao tao logo o choque que levou & crise se dissipe e
de como essas politicas sao coordenadas. Mostra-se que, para ampliar o efeito estimulativo da
politica fiscal, é fundamental que a politica monetaria continue sendo acomodaticia por alguns
perfodos apds a crise, que a autoridade fiscal seja capaz de implementar o estimulo rapidamente
e que sua duragao seja corretamente sinalizada. Por fim, o artigo discute as implicacoes em
termos de bem-estar de varias combinacoes de politicas e aponta que essa avaliagao deve levar
em consideracao nao apenas os efeitos das politicas adotadas durante a crise, mas também

daquelas que se espera sejam implementadas em periodos futuros.
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Abstract

In this article, we discuss the role expectations regarding future policies play in deter-
mining the depth of a crisis when the economy hits the zero lower bound on nominal
interest rates. We show that when analyzing the impact of a fiscal stimulus during a zero
interest rate episode, there is more than just short-run output multipliers. We extend the
analysis in Eggertsson (2011) by allowing for a transitional state in which the zero lower
bound is no longer binding, but policies can be expected to credibly deviate from their
steady-state values. The main result of the paper is that, to have larger positive effects
on output, monetary and fiscal policies should last longer than the duration of the shock
and be coordinated. This coordination is required not only during the crisis but also in
the commitment to future policy actions. It is fundamental to the fiscal authority to be
able to respond quickly to the shock, minimizing implementation delays and correctly
signaling the duration of the stimulus. We also show that a thoughtful evaluation of a
fiscal stimulus in terms of the implied welfare losses should account not only for the effects
of policies on short-run output and inflation, but also for the present discounted value of
output and inflation in future periods as well.
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1 Introduction

The significant amount of stimulus provided by fiscal authorities since the burst of the
2007-2008 financial crisis brought the discussion about the impact of these policies to the
center of the economics debatel] Knowledge about the magnitude of the multipliers, which
express how much output changes in response to a given fiscal measure, is relevant to guide the
choice among the available policy instruments (taxes, transfers or spending). This knowledge is
a crucial input for deciding the size and the duration of the stimulus that will be implemented.
For the conduct of monetary policy, one must also understand the impact of fiscal policies
on output and inflation and evaluate how monetary authority’s actions might contribute to
amplifying or undermining this impact.

There is a general understanding that fiscal multipliers cannot be established as an absolute
number under all circumstances and across countries. In fact, the discussion about them has
converged to the characterization of their determinants. |Corsetti et al. (2012) point out that
the specificities of each country, and the economic environment, largely affect the impact fiscal
measures have on the real economy. Analyzing the characteristics of DSGE models that are
relevant to fiscal multipliers, (Coenen et al.| (2012) observe that, besides depending on the
structural parameters of the model, a series of factors are essential to explain such remarkably
dispersed estimates. Among the most relevant, they highlight the duration of the stimulus,
the degree of monetary policy accommodation, the fiscal instruments used and their operating
channels.

The way monetary policy responds to the implementation of fiscal policies is a critical
aspect that one should consider when studying the multipliers. Following an economic stimulus
through increases in government spending, a higher degree of monetary accommodation implies
larger multipliers. The extreme case is when, during a deep recession, monetary policy reaches
its limit, with the nominal interest rate hitting the zero lower bound. In this circumstance, as
shown by |Christiano et al.| (2011])), fiscal policy ends up being more stimulative than in normal
times. [Eggertsson (2011b)) studies the effects of a fiscal stimulus at zero interest rates using a
standard New Keynesian model. His results point out that the impact of government spending
increases is more substantial in this environment, while cuts in labor or capital taxes can be
recessive.

In general, the debate about the interaction between fiscal and monetary policies is based
on the analysis of their actions during the crisis. Nonetheless, there has been some discussion
regarding the role played by expectations about future fiscal and monetary policy measures.
Using a DSGE model in which policy rules may evolve according to a probability distribution,

Davig and Leeper| (2011)) show that the multipliers dependent not only on the monetary-fiscal

! According to the IMF Fiscal Monitor, in the US, government spending as a fraction of GDP increased by
2.1% on average in the period 2006-2014, reaching its historical peak in 2009, when the Congress passed the
American Recovery and Reinvestment Act. In the same period, gross debt to GDP ratio increased by 41.3%.
Most advanced economies observed these increases and the peak in 2009.



regime during the period the stimulus is provided, but also on the regime expected in future
periods. Woodford (2011 points that "careful signaling about the likely direction of future
policy is likely to be as important as current actions." [Eggertsson and Woodford| (2004) analyzed
the optimal conduct of monetary and fiscal policies in this environment. They highlight the
role played by expectations regarding future policy in mitigating the distortions created by the
zero lower bound.

I extend the work of Eggertsson| (2011b)) to study the impact on economic activity of agents’
expectations regarding policies when the crisis is over and the zero lower bound is still binding.
Eggertsson| (2011b) studies fiscal policy in a two-state model where monetary and fiscal policies
revert to their pre-crisis values when the shock goes back to the steady state. This paper
extends his framework by allowing for a transitional state in which the shock that led to the
zero lower bound is no longer affecting the economy, but policies can be expected to deviate
credibly from their steady-state values.

This paper revisits the main results of optimal policies under a liquidity trap which supports
that stimulus should stay in place for a longer horizon than the duration of the shock. Indeed,
optimal monetary policy under commitment, when there are adverse shocks to the natural rate
of interest, requires keeping the interest rate at the zero-lower bound, even when the shock is no
longer causing it to bind, to generate inflationary expectations at the exit. I ask whether fiscal
policy can directly help to boost the economy by also committing to keep the stimulus once
the crisis is over. The inclusion of a transitional state allows analyzing several combinations of
practical interest in which fiscal policy is expansionary for a longer horizon, while the monetary
authority may or may not be accommodative, even when the zero lower bound is no longer
binding.

On the fiscal side, I discuss the effect of stimuli that are expected to be temporary or
permanent, or that might be carried out with a delay. On the monetary side, besides examining
the effect of keeping the interest rate at zero for a few periods after the crisis is over, I also
analyze an optimally chosen rate for this intermediate state.

I use the model setup in|Eggertsson (2011b)), which gives rise to an aggregate demand /supply
sort of analysis. Although simple, this model allows obtaining useful analytical results which
highlight that considering only short-run multipliers can be misleading and that expectations
regarding future policies play a crucial role in determining the levels of output and inflation
during the crisis state. This work contributes by extending the discussion about government
spending multipliers, but also regarding the impact of stimulus implemented through income
taxes.

An additional contribution is the derivation of a welfare loss function in present discounted
value terms that allows ranking the various combinations of policies adopted in each state.
Thus, I can discuss the impact of policies not only regarding their effects on output and inflation
during the crisis but also considering the entire future.

The main result of the paper is that monetary and fiscal policies, to be more expansionary,



should last longer than the duration of the shock and be coordinated in this expansionary move.
This coordination is required not only during the crisis but also regarding the commitment to
future policies. It is crucial to the fiscal authority to be able to respond quickly to the shock,
minimizing implementation delays and correctly signaling the duration of the stimulus.

The most successful combinations of policies are those in which the fiscal stimulus is carried
out with minimum delay during the crisis and is expected to be temporary. Keeping this policy
combination when the shock is no longer causing the zero lower bound to bind and agents
expect its association with an accommodative monetary policy, there is an overall improvement
of welfare. These policies can create expectations of higher inflation when the crisis is over and,
even if small decreases in output are expected, with impacts during the crisis positive enough
to generate lower welfare losses.

It is interesting to point out that, as shown in |[Eggertsson (2011b)), an increase in income
taxes stimulates the economy when the zero lower bound is binding, although its impact is
smaller than if providing the stimulus through increases in government spending. Nonetheless,
in contrast to what we observe with government spending, keeping the stimulus after the crisis
is over can improve the economy, even without monetary policy accommodation. Hence, a
mistake in the time of ending the stimulus provided through increases in income taxes is not
as harmful as the one in the timing of reverting an increase in government spending. This
difference is also valid for the implementation of policies. Delaying the increase in taxes until
the shock is no longer causing the zero lower bound to bind can still reduce the depth of the
crisis. In this case, it is better than not implementing any policy at all. In contrast, if the
stimulus is carried out through increases in government spending that are expected to occur
only when the crisis is over, without any accommodation from monetary policy, it is better not
to implement any policy at all.

I will discuss these various policy combinations in the analysis that follows. The next section
situates this work on the recent literature about fiscal multipliers, especially considering their
values when the zero lower bound for the nominal interest rate is binding. Section [3]introduces
the setup of the model and discusses the available policy responses to the crisis under the
extension of a 2-state to a 3-state economy, allowing for the occurrence of a transitional state.
Section [4] derives the analytical solutions for output and inflation in each state and the welfare
loss function in present discounted value terms. It also presents the results for the optimal
nominal interest rate in the transitional state. Section [5| performs an analysis of the multipliers
in a calibrated model, while Section [0] discusses the impact of different policies’ combinations

on output and inflation in each state and the associated welfare losses. Section [7] concludes the

paper.



2 Related Literature

The discussion about the size of fiscal multipliers has been intense and led to a vast
literature on the topic. I summarize here a few papers more closely related to the analysis
presented in this workE] The focus is on the debate regarding the response of output and
inflation to fiscal stimuli during a crisis caused by a shock that makes the nominal interest
rate hit the zero lower bound. It is known that a combination of many factors is responsible
for determining the impact of fiscal measures in this environment. Ramey and Zubairy| (2014])
point to theoretical evidence that characteristics such as the persistence of spending changes,
how they are financed, how monetary policy reacts and the tightness of labor markets can
significantly affect the magnitude of multipliers.

In a structural vector autoregression (VAR) analysis with data from groups of both ad-
vanced and emerging countries, [[lzetzki et al. (2013) obtain that the degree of openness of the
economy, the exchange rate regime and the monetary policy reaction are the most influential
factors explaining the broad dispersion of estimates for the multipliers across countries. Their
estimations suggest larger multipliers in more closed economies (fewer leakages of aggregate
demand towards imports), in open economies with fixed exchange rate regimes and when the
monetary policy is more accommodative.

The extreme case of accommodative monetary policy is when the nominal interest rate hits
the zero lower bound and the monetary authority can no longer stimulate the economy by
decreasing it. In such an environment, with the economy facing deep reductions in both output
and inflation, there is plenty of evidence that fiscal stimulus is effective in reducing the depth
of the recession.

Christiano et al.| (2011) show that spending multipliers are more than three times larger
when the nominal interest rate is zero, compared with the situation of positive interest rates.
They emphasize that the larger the fraction of government spending that occurs while the
nominal interest rate is zero, the larger the value of the multiplier. Woodford (2011) also
analyzes variations in government spending. In his setup, the multiplier at the zero lower
bound is monotonically increasing in the expected duration of the crisis.

Eggertsson! (2011b)) studies this issue in a setup similar to Woodford’s, but with a richer set
of fiscal instruments. He shows that if private agents expect government spending to be higher
in all states in which the lower bound is binding, the expected contraction is reduced, giving
an incentive for them to spend more. Government’s commitment to keeping higher spending
as long as the zero lower bound is still binding is critical for this result. A surprising result
that labor tax cuts can be recessive follows. In normal times, reductions in labor taxes would
make workers willing to increase labor supply, leading to a more abundant supply of goods and,
thus, downward pressures on prices. In response, the monetary authority reduces the nominal

interest rate and output goes up. When the zero lower bound binds, the same tax cuts still

2For an overview of this discussion see Hall (2009)) and |Spilimbergo et al.| (2009).



create deflationary pressures, making agents expect lower prices in all states while it is still
binding. But the central bank cannot react by further decreasing the nominal interest rate. So
the real interest rate goes up, implying a downward movement of outputﬂ

All these authors highlight the importance of implementation timing for fiscal measures
to have maximum effect in fighting the recession. The expectation that the stimulus might
continue after the crisis is over, while monetary policy goes back to its usual stance, can
undermine the positive effect obtained during the collapse. Woodford! (2011) studies the possible
occurrence of a transitional state generated by the continuation of higher government spending
after the recession is over. This work corroborates his results. In the case of continuous fiscal
expansion, the multiplier ends up being smaller than if the policy was perfectly timed to end as
soon as the crisis is over. The longer agents expect the spending stimulus to last, the smaller
is the multiplier. Ultimately, it can even become negative. Eggertsson| (2011b) finds similar
results.

In the extreme case, if the increase in government spending is expected to be permanent,
meaning that it will be above its steady-state level in the long run, it will imply higher output
and lower inflation in the long term. The expectation of lower inflation in the future undermines
the effect of higher government spending in the short run and, for some calibrations, it can be
contractionary even during the crisis. This effecy explains the contradictory results obtained by
Cogan et al.|(2010)). Using a model similar to|Christiano et al.| (2011)), but assuming government
spending to increase permanently during the crisis, they obtain significantly smaller multipliers.

In the opposite direction, (Corsetti et al.| (2010) discuss the need of many countries to face
significant retrenchment in government spending and analyze the effects of such anticipated
spending reversals. They show that the beneficial effect of public expenditure is quite sensitive
to when the reversal starts. An early and intense reversal may lower fiscal multipliers and
extend the zero lower bound episode.

Eggertssonl (2011b) also analyzes how expectations about future monetary policy can affect
the macroeconomic aggregates during the crisis. He assumes the central bank credibly commits
to a higher inflation target in the future. Expectations of higher inflation in the future decrease
real interest rate in the crisis state, stimulating spending during the recession. This policy,
however, requires a high degree of credibility for the central bank to make such trustworthy
announcements.

Eggertsson and Woodford (2004) point that in a liquidity trap, this type of commitment
would be optimal. In their setup, they show that keeping the nominal interest rate at the lower
bound for a few quarters after the natural rate of interest has returned to its normal level,
will cause the economy to display an output boom and an increase in inflation. The authors
highlight that "a credible commitment to behave in this way, after the zero bound has ceased

to bind, dramatically reduces the price and output declines that occur during the period when

3This is an application of the Paradoz of Toil which says that, once the nominal interest rate hits the zero
lower bound, if everybody tries to work more, there will be less work in the aggregate (see [Eggertsson| (2010))).
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the central bank is constrained by the zero bound."

Denes et al.| (2013) extend the work of [Eggertsson| (2011b)) by explicitly considering the gov-
ernment budget constraint to analyze the consequences to debt dynamics of policies adopted
when the zero lower bound is binding. They show that austerity measures (cutting government
spending and/or increasing taxes) may increase, rather than decrease the short-run deficit.
They also examine how the deficit created during the crisis affects expectations and, conse-
quently, short-run demand. These expectations refer to how long-run taxes and spending will
be adjusted to bring down debt to its pre-crisis level. However, a fundamental assumption in
their work is that monetary policy sets the nominal interest rate so that inflation is zero when
the zero lower bound is not binding.

The studies mentioned above use a setup similar to the one adopted in the present study,
analyzing the effects of expectations about future policies. Nevertheless, they do not put
together an extensive analysis of possible policy combinations like the one shown here. They
investigate forward guidance considering monetary policy or government spending in isolation
but do not study the combination of both policies when the crisis is over, besides only examining
government spending as the fiscal instrument. Moreover, the setup adopted here also enables
us to compare policy combinations regarding welfare losses, which has not been discussed so

far in the literature.

3 The Model

I follow the setup of a simple New Keynesian model presented in [Eggertsson| (2011b)). His
paper provides the detailed microfoundations of the non-linear model. The model is linearized
around the long-run steady state and summarized through an (IS) equation, an aggregate
supply (AS) relation and the definition of a monetary policy rule (M P). These three equations
are the starting point for our analysis.

The (IS) equation comes from the households’ optimal decisions, using the aggregate re-

source constraint to substitute out for consumption. Its linearized version is given by

(IS) Y/t = Etf/t+1 -0 (it — By — Tf) + (Gt — EtétJr]_) (31)

where i, is the one-period risk-free nominal interest rate, m;, is the inflation rate, Y, = log (%) is
the deviation of output from its steady-state value and G, = (Gt?*a) the deviation of government
spending (G;) from its steady-state value (G), as a fraction of steady-state output (Y). rf is an
exogenous shock defined as r{ = log 7 + E; <§t — &, +1>, where £, = log¢&,/€ is the deviation of
a consumer’s preference shock from its steady state. 8 > 0 is the discount factor and o > 0 is
the intertemporal elasticity of substitution of private expenditure.

A critical assumption is that government spending is not a perfect substitute for private

consumption. As pointed out by |[Eggertsson (2011b)), this is the type of expenditure which
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is effective in increasing demand (infrastructure or military spending are examples). If they
were substitutes, cuts in private spending would offset an increase in government spending, and
aggregate spending would not change.
The aggregate supply relation (AS) is derived from the firms’ optimal decisions and is given
by
(AS) 7 = kY; + ko) (Xf%{ - a*lcl*t) + BEymia (3.2)

where 7/ = 7/ — 7/ is the percentage increase in income tax ratd'} while x’ > 0, x > 0, w > 0

and ¢ > 0 are model parameters[Y]

Finally, the monetary policy rule is as follows:
(MP) it = max <07 7"? + ¢7r7rt —+ (byi/vt) (33)

where it is assumed that ¢, > 1 and ¢, > 0. This specification rules out negative values for the
nominal interest rate.

The (IS) equation, together with the monetary policy rule, defines the aggregate demand
(AD) relation in this model. Equilibrium will be the solution of the system formed by the aggre-
gate demand and supply equations. Eggertsson| (2011b) shows that, given a path for {Gt,%t[ }
determined by fiscal policy, and an exogenous path for {rf}, an equilibrium is a collection of
stochastic processes for output, inflation and the nominal interest rate {Yt, T, z’t} that solve the
system of equations - (3.3).

Another critical assumption is that Ricardian equivalence holds. This means that lump-
sum transfers in period ¢ or in future periods offset temporary variations in either 7! or Gy.
In the absence of this hypothesis, Denes et al.| (2013) point out that how a fiscal expansion
is financed, through adjustments in future taxes or spending, can have significant effects on
short-run demand. This implies that a plan about how short-run budget deficits or surpluses
will be met in the future should complement a given government stimulus provided when the
zero lower bound is binding. Although important, I will not discuss the impact of the fiscal
stimulus on debt generated by the absence of lump-sum taxes closing the government budget

constraint. This would significantly increase the number of policy combinations to be analyzed

4We follow Denes et al.|(2013) who model taxes (Tt) levied on income from both labour and the households’
claims on firms profits. They explain that if only wages were taxed, there would be a disproportionate drop
in tax revenues in a recession. This would exaggerate the results and rely too much in the complete wage
flexibility in the model. With this more conservative assumption, income tax is proportional to output. Any
drop in real wages will be reflected by an increase in profits, and taxing wages and profits at the same rate
means we abstract from this redistribution aspect of the model.

®Regarding other types of taxes discussed in [Eggertsson| (2011b), he shows that the effects of sales taxes
represent a negative scale of those caused by variations in G;. So it would be redundant to analyze them here.
For the sake of space, the analysis of taxes levied on capital income is left for future work.

w= UhhH

6These parameters depend on the baseline parameters of the model as follows: x! , Where

- 1-7D —
vy, and Uy, are, respectively, the first and second derivatives of the utlhty functlon with respect to labor and H
is the level of labor in steady state. ¢ = — 11+w and k= U= a)(l ofl g 1+ , where 0 < a < 1 is the fraction of
firms whose prices stay unchanged in each period and 6 > 1 is the elast1c1ty of substitution among differentiated

goods.
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and negatively affect the tractability of the paper.

Although quite simple, the model has the advantage of providing closed-form solutions and
allowing the discussion of the effects of policies during the zero lower bound episode. In what
follows I analyze a set of possible short-run allocations in response to the exogenous shock
r¢. Depending on the strength of the shock and the policy responses to it, two scenarios are
possible. I call "normal times" the scenario where the shock is not large enough to make the
nominal interest rate hit the zero lower bound. The other scenario, called the "crisis state,"
occurs when the shock causes the nominal interest rate implied by rule to reach the zero
lower bound[’] The fall in output and inflation caused by the shock varies a lot, depending not
only on the policy actions taken during the crisis state (short run) but also on expectations
about the implementation of policy actions after the crisis is over. I analyze how possible
combinations of present and future policies impact crisis-state allocations.

First, I summarize the 2-state economy case presented by Eggertsson| (2011b). Then I show
the setup of the 3-state economy that includes a transitional state. The next section displays

the derivation of the allocations in each state.

3.1 Revisiting the Literature - Two-state economy

The analysis in |[Eggertsson (2011b) starts by assuming that at time ¢ = T the economy
is hit by a shock that causes r{ to go to 7§ < 0. The return of the shock to the steady state
at time ¢t = T, is exogenously given. In his basic setup, there are two possible states for this
economy. The short run, or crisis state, (¢ € [Ty, Terit)), characterized by the period in which
r{ goes below its steady-state value (rf =r%). And the long term (¢ > T.,;), when r§ returns
to the steady state (rf = 7). [Woodford| (2011) interprets this shock as a severe disruption in
financial intermediation that causes a spike in credit spreads, thus decreasing r§. Eggertsson
(2011b) explains it as a preference shock that lowers &, because suddenly everyone wants to
save more, so the real interest rate must decline for output to stay constant. I assume that the
evolution of this shock is independent of either monetary or fiscal policy actions. Therefore,
measures to stimulate the economy do not revert the shock but can attenuate the recession it
generates.

If the shock is large enough, it can make the zero lower bound on the nominal interest
rate a binding constraint in policy rule (3.3). In this scenario, the monetary authority can no
longer reduce the nominal interest rate to stimulate the economy further, so the government can
only rely on a combination of the available fiscal instruments (Gt, 71 ) to mitigate the recession
caused by the fall in rf.

Assuming that the shock causes the nominal interest rate to go to zero (i; = 0), Figure

illustrates the 2-state economy with a crisis state. In the short run, the shock causes output

"As in [Eggertsson and Woodford| (2004) and Woodford| (2011)), |[Eggertsson| (2011b)) assumes that even when
the shock is large enough to cause the zero bound to bind, local approximations to both the model structural
relations and the welfare objective are still accurate.
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and inflation to go below their steady-state values (Ys,7g). This allocation depends on the size
of the shock (r§) and the fiscal measures adopted (GS,T{g). In each period ¢ € [Ty, Terit), after
the shock hits the economy, there is an exogenous probability ;1 that the shock will still be at r¢
in period t+ 1. With probability (1 — p) it will return to 7 in period ¢+ 1 and the economy goes
back to the steady state. I assume that once back to the steady state, r; stays at 7 thereafter.
Eggertsson| (2011b) (Proposition 2 - Page 70) shows that, in the long run, with G; = 71 = 0,
there is a locally unique bounded solution to the system — such that ¥; = 7, = 0 and
iy =7, YVt > Tegit.

Figure 3.1: Diagram I - Benchmark Case

1 (1—p) 1
Short Run (Crisis State) Long Run
Shock / ZLB is binding / Fiscal Stimulus No Shock / Rule / Fiscal Stimulus (7)
re=rg Yo=Ys, m=ms e =F, ¥,=0, z,=0
i,=0, 8,=G,, &l =1, iy =F, G,=t/=0

Eggertsson| (2011b]) highlights as a general principle in this class of models that, when the
zero lower bound is binding, successful policy actions are those which do not aim at increasing
aggregate supply, but increasing the aggregate level of spending in the economy. This happens
because, with zero nominal interest rates, output is demand determined. This does not mean
that aggregate supply is irrelevant since it is crucial to pin down expectations about future
inflation. It is important to note that in this environment, incentives to aggregate supply are
counterproductive since they can create deflationary expectations. He precisely points out that
"policy should not be aimed at increasing the supply of goods when the problem is that there

are not enough buyers."

3.2 The Three-State Economy

A critical assumption of significant part of the analysis in |Eggertsson (2011b)) is that the
implemented stimulus policy is perfectly correlated with the shock. This means that government
spending and/or income taxes will deviate from their steady-state values as long as r§f = ri.e.,
while the crisis lasts. Once 7§ goes back to 7, fiscal instruments also return to their long-run
levels (Gt = %tl =0,Vt > T,m-t>.

I extend the analysis in [Eggertsson| (2011b) by allowing the government to credibly commit
to implementing a combination of monetary and fiscal policies, even after the recession is over.
During the crisis, expectations about future values of output and inflation play a crucial role

in determining the depth of the collapse. Eggertsson and Woodford (2004) point out that it
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makes a crucial difference if the government can commit to creating inflation in the future.
They show that it is optimal to maintain a loose monetary policy for a few quarters after the
crisis is over. Assuming VAT taxes, they also show it is optimal to increase them during the
crisis and reduce them when the zero lower bound is no longer binding.

Expectations regarding future actions from both monetary and fiscal authorities affect the
levels of output and inflation during the crisis and the associated welfare losses. It is important
to note from equations and that, besides the direct impact of future government
spending on short-run aggregate demand through the term E;Gy.1, any future policy actions
that affect output and inflation after the crisis is over, will also have effects on short-run
aggregate demand and supply relations through the terms E;Y;41 and Eymey ;.

Our goal is to understand these effects and show how the impact of stimulus actions during
the crisis depends on expectations about future interactions between these policies. On the
monetary policy side, I want to model the expectation that the central bank might keep the
interest rate at a fixed value iy, (which can be zero or an optimally chosen value) for a few
periodsﬂ, even after r{ returns to 7. On the fiscal policy side, I want to analyze the impact of
the termination timing of the stimulus provided during the short run and of implementation
delays. T examine these policies adopted in coordination, but also cases where each authority
acts separately.

Diagram [3.2]illustrates the setup of this 3-state economy. As before, the idea is that at time
t = Ty, the economy is hit by a shock rf = rg, the zero lower bound binds (i; = 0), the fiscal
authority uses a combination of its instruments (Gg,7%) to undermine the crisis’ effects, but
output and inflation still stay below their steady-state levels (Ys, 7). This state lasts until an
uncertain period ¢ = Te.it, when 7§ returns to 7. In every period of the recession t € [Ty, Terit),
there is probability p that the economy stays in the crisis state in the following period. With
probability (1 — u) b it goes to a transitional state, while with probability (1 — u) (1 — b) it jumps
straight to the long run/

A transitional state occurs because agents associate some probability that after exiting the
crisis state, the authorities might still deviate from their steady-state policies. They might
expect that the monetary authority will keep an accommodative monetary policy for a few
periods after the crisis is over, maintaining nominal interest at iy, = 0 or keeping it at an
optimally chosen level i%,. Agents can also expect the fiscal stimulus implemented during the
crisis not to be perfectly correlated with it, lasting for a few periods after the zero lower bound
is no longer binding (G, 74,). Expectations may be that only one or both these policies will be
used in the transitional state. This creates a medium-run allocation, with output and inflation
deviating from their steady-state levels (Ys,m), that lasts until an exogenously given period

t = Ty. In each period ¢ € [Tenit, Tar), there is probability b that the economy stays in the

8We will show that this cannot be a permanent policy as it would lead to solution indeterminacy.
9Throughout the analysis, both probabilities y and b are assumed independent from monetary and fiscal policy
actions and from each other.
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Figure 3.2: Diagram II - Transitional State Case

J7i (1—u)Y1-hb) 1

l l

Short Run (Crisis State) Long Run
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. P . ;= 2 al _ I
ii=0, G,=Gs, 7 =14 Ip=r+¢;m +4,Y, G =G, f1=1,

Medium Run (Transitional State)
No Shock / Pegging / Fiscal Stimulus
(1- )b oy (1-b)

e - v
- r=r Y,=Yy, m,=m1,

P -~ _ n.'_ I
ly=Iy, G,=Gy, Ti=1y

transitional state in ¢ + 1, while with probability (1 —b) it goes to the long run.

If the fiscal stimulus is temporary (during the crisis state or lasting until the transitional
state only), in the long run, monetary and fiscal policies go back to their steady-state plans
(i, = 7,G, = 71 = 0), returning output and inflation to their steady-state levels as well
(Y, = m, = 0). A case in which fiscal measures implemented during the crisis are expected
to be permanent (G > 0 and/or 71 > 0) will also be analyzed. In such scenario, long-run
output, inflation and the nominal interest rate are allowed to deviate from their steady-state
levels (Yz,mz,ir)[°] Once the economy goes to the long run, I assume that it stays at this
level thereafterf_r] Eggertsson| (2011b) analyzes the case of permanent fiscal policies as well.
But his setup does not allow for the discussion of this policy associated with a temporary
accommodative monetary policy after the crisis is over.

The proposal is to analyze a way the monetary authority has to create expectations of higher
inflation in the future, by assuming that the central bank can credibly commit to keeping the
nominal interest rate fixed for a few periods, even after r{ returns to its steady-state value
at 7. I study the possibility that the fiscal authority can also signal that it will keep using a
combination of its policy instruments when the zero lower bound is no longer binding, which

might be associated with a future accommodative monetary policy or not [

10We will not assume different levels for the fiscal instruments in each state. When used in all states, we will
have Gg = Gy = G or ng =71, = 71, We keep the subscripts for the respective states to allow identifying
where the impacts on the levels of output and inflation are coming from.

10One should note that the long-run equilibrium is different from the initial steady-state level around which the
model was loglinearized around. We assume that this linearization is still valid at the long-run equilibrium. We
are aware that this is a very strong assumption, but it significantly simplifies the analysis.

12Eggertsson| (2011b) models the promise of future inflation with a monetary policy rule committed to a higher
inflation target. He shows that this not only increases inflation expectations for all periods after r{ returns to
7 but also reduces the drop in short-run inflation in all periods when the zero lower bound still binds. He does
not analyze an association of this policy with future fiscal actions though.
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Table 3.1: Summary of Possible Policy Choices

Monetary Policy Fiscal Policy
(i) None
%}toi ;‘S ZLB is binding (is = 0) (i) Gs
(131) Tg
Medium run (2) Z:M B 0* (Z) ]Yone
Gg=r) =iy S
(49i) ip =T+ Qo + &Y (151) Ty
Long run . _ (Z) ]Yone
(rf =7) ST OemL O () Gr
(131) 771,

Table summarizes the policy choices available for monetary and fiscal authorities in each
state. In the short run, the monetary authority cannot stimulate the economy further, since
the zero lower bound is binding, leaving the fiscal authority as the only one able to provide
stimulus. It will pick one of its instruments, either using government spending or income taxes.
I assume that once chosen in the short run, the same instrument is used throughout the states
(this rules out, for example, using government spending in the short run and income taxes in
the medium run or vice-versa).

In the medium run, the fiscal authority can choose to return the instrument used in the
short term to its steady state, or it can keep the stimulus for a few periods after the crisis is
over. On the other hand, the monetary authority will choose from three possible policies: (1)
keep the nominal interest rate at iy = 0 for a few periods after the crisis is over; (ii) keep
the nominal interest rate at an optimally chosen level i}, for a few periods after the crisis is
over; (iii) return to policy rule as soon as the crisis is over. I assume that if the fiscal
stimulus provided during the crisis is not expected to be permanent, but it is extended to the
transitional state associated with an accommodative monetary policy, than these policies are
perfectly correlated, i.e., they go to the long run at the same time ¢ = T,.

In the long run, monetary policy returns to policy rule . If the fiscal stimulus provided
during the crisis is expected to be permanent, it determines a new long-run allocation. I will
also discuss the impact of implementation delays in fiscal policy, in an extreme case in which
the stimulus is only carried out after the crisis is already over.

The next section presents solutions for output and inflation in each state, under different

hypothesis regarding expectations about monetary and fiscal policies, after the crisis is over.

4 Solution Allocations

The solution for this type of model is obtained backward, getting the solution for the long-

run allocation first. Then this will be used to compute expectations in the transitional state
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and obtain the medium-run solution. Finally, I use both medium- and long-run allocations to
compute expectations in the crisis state and get the short-run solutions. Given the linearity
of the model, to get the most general result, I derive these solutions assuming that both fiscal
policy instruments {Gt, 71 } are active in every state. According to each hypothesis made in
the analysis that follows, one or the other instrument is muted.

The short- and medium-run allocations depend on the monetary policy adopted in the tran-
sitional state. Proposition [I] presents the results for those cases where the monetary authority
either keeps the nominal interest rate at iy; = 0, Vt € [Tewir, Tar), Or it is set at an optimal level
iv = Uy, Yt € [Tegit, Tar). Section discusses the choice of this optimal level. Proposition

outlines the results if the monetary authority returns to rule (3.3)) as soon as the crisis is over.

Proposition 1 Assume that the nominal interest rate zero lower bound is binding in the short
run (t € [Ty, Texir)) and that the following conditions hold:

(C1) (1 —p)(1—=pBp)—pko >0
(C2) (1-0b)(1—pb)—bko >0
1-—
©3) o+ Dy, 1
(C4) reg < —0g,Gs — ®T§T§ —0:TF—ipm)—0¢,Gn — 97'1[\475\4 —0O¢, G — ®T£Ti

If there is a transitional state generated by the monetary authority keeping the nominal inter-
est rate at iy = 0, or at an optimally chosen level iy = i%,, after the crisis is over (Vt € [Tuzit, Tar)),
solutions for output, inflation and the nominal interest rate in each state can be obtained back-

ward as follows:
(7) In the long run (vt > Tar), with v =7, there is a locally unique bounded solution such that

YL = Qe Gr+Qy, 171 (4.1)
T, = QTFL,GLGL+Q7TL7T£T£
i, = TH+¢70+ ¢yYL (4.3)

(ii) There is a locally unique bounded medium-run solution (Vt € [Tuyit, Tar)), with r¢ =7, such
that

Yvu= Qvyin T—iv) + QvyeuGu + QYM’T&T& + (4.4)
QYM,GL Gy, + QYM,T£T£ .
T = Q‘IT]\/I,ilu (? — i]u) + QﬂM,GMGM + QTvaTfquw + (4 5)
Ve Gr + Q1 7h
0
i { 0 (4.6)
Y

(1ii) In the short run (Yt € [Ty, Tewit)), with v =rg, there is a locally unique bounded solution,
such that
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Ys = Qygrers + Qy,e;Gs + QYS,TéTé +
Qvginy T =)+ QveeuCGu + Qyu 07y + (4.7)
Qyya,GL + QYS,TiTi
s = Qrgrers + QiesGs  + QﬁS’TéT{Q +
Qrging T—int)  + QeganGu + Qugrr Ty + (4.8)
Qrsc. G+ QTFS,TiTi
is =0 (4.9)

where the analytical expressions for the coefficients Q;, i € {Ys,ns,Yr,7m, Yo, 71} and j €
{rein, Gs, 75, Gary 7, G, 7L}, and Ok, k € {iv, Gs, 75, Gy, 74, G, 7L} are defined in the Appendix
and depend on the structural parameters.

Proof. See Appendix [B] m

The proof of Proposition [I]is long and its details are presented in Appendix [B] Nevertheless,
there are a few aspects to be highlighted. The proof is divided into three parts. The first part
discusses determinacy of the solution in each state and obtains conditions (C'1)—(C3), which are
shown to be necessary for a determinate solution. Given the parameters 3, o and , Condition
(C1) imposes an upper bound on the duration of the crisis state (u), while (C2) imposes an upper
bound on the length of the transitional state (b). Condition (C3) is the regular determinacy
condition for a New Keynesian model with monetary policy given by a rule like , and it
is satisfied given that I assume ¢, > 1 and ¢, > 0. The second part of the proof derives the
analytical expressions for the solutions in each state (equations — ) Finally, the third
part derives the restriction on the size of the shock r§ and the stimulus policies to guarantee
that the zero lower bound is binding in the short run (Condition (C4)). Note that if no fiscal
instrument is used, Gy = 7/ = 0, V¢, and monetary policy goes back to rule (3.3)) right after
the crisis is over (implying i); = 7), this condition states that r¢ < 0. The condition derived
here nests the one derived by Eggertsson (2011b)H It is interesting to point out that this
condition depends not only on monetary and fiscal policies adopted during the crisis but on
those expected to be adopted in future states as well.

One should also note that the results in Proposition 1| are presented in the most summarized
form possible. Table [AT] in Appendix [A] summarizes the analytical expressions for medium-
and long-run solutions coefficients (£2's) in equations — and — , respectively.
Table presents the short-run coefficients in equations — .

The values associated with each coefficient will be discussed in the next section/™ But it

13 Assuming b = 0 makes O = Og,, = O,r =0, shutting down the medium run, while G, = 71 = 0 shuts
down the long run.
14 Tables and also include the coefficients for the responses to transitional state fiscal instruments, if
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is important to underline that the solution derived in this proposition nests the benchmark
case, presented by Eggertsson| (2011b). Given the linearity of the model, it is easy to see that,
if we assume there is no transitional state (b = 0), the economy jumps straight to the steady
state, right after the crisis is over Besides, if the fiscal stimulus is expected to be temporary
(G = 71 = 0), long-run output and inflation are given by Y, = m = 0, while the short-run

solution obtained from equations (4.7)) and (4.8]) are reduced to

I
Ys= vgrers + QvgesGs + Oy 17s

ms= Qrgrers + QmeasGs + Qg a7h

where the multipliers Q;;, i € {Ys,ng} and j € {r¢,Gg, 75} are precisely those derived by
Eggertsson| (2011b)).

Proposition [2| presents the solution allocations for the crisis and transitional states if the
monetary authority goes back to rule as soon as the crisis is over, but fiscal stimulus
continues in the transitional state. In this case, I assume that fiscal policy is temporary, since
the previous proposition already nests the case of a permanent stimulus (assume b = 0 and

fiscal instruments different from zero in the long run).

Proposition 2 Assume that the nominal interest rate zero lower bound is binding in the short
run (t € [To, Tewir)) and that the following conditions hold:

(C1)  (1—p)(1—pBp)— pro >0

(C2)  (1—=b)(1—pb)—brko >0

(C3) ¢ﬂ+(1;5)¢y>1

(04/) T‘gv < _@GSGS - @TgTé - @gM Gy — @Z}WT{W

If there is a transitional state generated by the fiscal authority keeping the stimulus provided
in the short run for a few periods after the crisis is over (Vt € [Tewir, Tar)), while monetary policy
returns to rule as soon as r¢ returns to ¥, the solutions in each state can be obtained
backward as follows:

(1) In the long run, there is a locally unique bounded solution (¥t > Tyr), with r{ = 7, such

thatiL=f andYL:ﬂL:O.
(13) There is a locally unique bounded medium-run solution (¥t € [Tepi, Tar)), with ri =7, such

. . . . T
the monetary policy goes back to the Taylor rule, as soon as the crisis is over (Q*,GM

and Qfﬁ, ). Proposition

discusses this. .

It is important to note that making Gy = 74, = 0 is not enough to rule out the transitional state. The
isolated action of the monetary authority keeping the nominal interest rate at ip; = 0 or ¢}, for a few periods
after the crisis is over can still generate it. Eliminating fiscal instruments in the medium run would still leave
the effect of the term (7 — iar). As can be seen in Table[A.2] for i € {Ys, 75}, making b = 0 implies that Q; g,
= Qiﬁfv[ =Q =0.

4,0 M
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that

Y = O, 6,Gu+ QQ@WT{M (4.10)
Ty = Qf a,Gu+ wai{ 4, (4.11)
iy = TH O+ b,V (4.12)

(1ii) In the short run (Yt € [Ty, Tewit)), with v =rg, there is a locally unique bounded solution,
such that

YST = QYsJ‘ng + QYs,GS Gs + QYSJgTé +
or o LT v, (4.13)
Ys,Gy oM Vst ' M
’R’?S: = Qﬂs.ﬂ“%rg + QWS’GS Gs + Qﬂs’TéTg + (4 14)
styGM Gu  + QZSvaqu\/I
is— 0 (4.15)

where the analytical expressions for the coefficients Q; ;, i € {Ys,ns} and j € {r%,Gs, 75}, and Oy,
k€ {Gs,7L}, are the same as those defined in Proposition . The expressions for the coefficients
Qr . .me{Ys,ms, Y, mu} andn € {Gur, 74}, and ©F, k € {Gu, 74, }, are described in the Appendix

m,n’

and depend on the structural parameters.

Proof. See Appendix [B] =

Following the same rationale for the proof of Proposition[I} the proof of Proposition [2]is also
divided into three parts. The first part shows that Conditions (C1) — (C3) are also necessary
for determinacy of the solutions. The second part derives the analytical expressions for the
solutions in each state (equations — ) Finally, the third part derives the condition
that guarantees that the zero lower bound is binding in the short run (C4’).

Proposition [2 allows us to analyze a temporary continuation of the fiscal stimulus with the
response of monetary policy through rule . Woodford (2011) analyzes this case, but he only
deals with government spending and does not discuss the association with an accommodative
monetary policy in the transitional state.

In what follows, given the results from Propositions [I] and [2, we analyze the properties of
the coefficients (Q's) and the impact of different combinations of policies adopted during the
crisis, and expected to be adopted in the future, on output and inflation in each state. We also
examine the implications regarding welfare losses. But first we need to discuss how these losses
are computed and how, based on the derived welfare loss function, the monetary authority

would set the transitional-state nominal interest rate optimally.
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4.1 Welfare Losses and Optimal Transitional State Monetary Policy

One of the policies the monetary authority may choose to implement in the transitional
state is to set the nominal interest rate at an optimal level. To compute this optimal level, we
need to solve the problem of minimizing the economy’s welfare losses, restricted to output and
inflation solution allocations in each state and the non-negativity condition for the nominal
interest rate. The following proposition shows how the loss function is obtained and how it can

be expressed in present discounted terms, given the probability structure of the model.

Proposition 3 The welfare loss function in this model is given by

o0 . R 2 R
L= 4 {wf Y (Yt - FGt> + Ang} (4.16)
t=0
-1
where T = ﬁ, Ay = g and A, = \,T' (1 —v—T). Given the probability structure of the model,

this function can be expressed in present discounted terms as

1
= (72 + Ay (Vs = TGs)* + 0,63 ) +

1-5
LMY =3 1 = /EL)_ @ )_bﬁb) (7 + 2 (Vi = TGan)” + 0,63, ) + (4.17)
B(1—p)(1—b)

(1—5)(1—Bp) (1 - pb) (WQL + Ay (Y —TGL)” + AgG%)

Proof. See Appendix [B| =

Note that the welfare loss function derived here is analogous to that presented by [Woodford
(2011). He uses this function to discuss the optimal level of government spending during
the crisis. However, since in his setup there is no transitional state and fiscal stimulus is
temporary, the economy goes to the steady state (Y, = wp =0) after the crisis. Thus, the
present discounted value of his loss function corresponds only to the first line in equation
. I will not discuss the optimal level for fiscal instruments here. They will be set at
a given level throughout the analysis. I use the present discounted value of the welfare loss
function to obtain the optimal transitional-state interest rate below and to compare the welfare
implications of different policies’ combinations in Section [6]

The solutions for output and inflation obtained in Proposition [1| form the restrictions of the
minimization problem solved to find the optimal medium-run interest rate. The proposition
below presents the result for this problem, which gives the optimal level for the nominal interest

rate in the transitional state.

Proposition 4 Assuming Conditions (C1) — (C4) hold, if the monetary authority keeps the
nominal interest rate fized at an optimal level i, in the transitional state, it picks this level by
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solving the following minimization problem

min LFPV

{ine}

s.t. YSaﬂ-SyY]Waﬂ-M?YLaﬂ-L
iy >0

where LPPY is defined in Proposition[3 and the levels of output and inflation in each state are
provided by Proposition[1. The solution to this problem yields an optimal nominal interest rate
given by

.opt .p .opt
PN B if iy >0
M 0 , otherwise

1
-opt _ — *
ty =T+ O {QiMﬂ“%
inm,T

I * I
'f'g + Q;F]W,GSGS + Q:MJ'{QTS + Q’Z\l,G}VIGM + Qi}\l,T}’uT]M} (418)

where the analytical expressions for the coefficients Q3 ;. j € {F,r§,Gs,75,Gum, 7Y, } are defined in

the appendiz and depend on the structural parameters and the coefficients (Qs) from Proposition

(1
Proof. See Appendix [B] m

It is worth highlighting that the optimal nominal interest rate depends on the size of the
shock (r%), the expected duration of the financial disturbance (1) and the transitional state (b).
It also depends on fiscal policies implemented during the crisis and transitional states. The

opt

long-run allocation does not depend on the transitional-state monetary policy, so i, is not

affected by the fact that fiscal policy is expected to be temporary or permanent.

5 Analysis of Fiscal Policy Multipliers

To discuss the behavior of multipliers in this section, and the solution allocations for output
and inflation in each state in the next, I set the model’s parameterﬂ according to the values
used by Eggertsson (2011b).

Given the results in the previous section, I first look at the isolated impact of each policy
instrument on output and inflation in each state. The relations derived in Propositions [1] and
are linear functions of government spending and income taxes in each state (Gg, ng, Gu, T{w,
Gr and 1), the shock (r¢) and the gap between steady-state interest rate and medium-run
interest rate (7 —i57). The coefficients that appear in equations — represent output

and inflation multipliers (Q's), where some of them depend on the monetary policy adopted in

the transitional state.

6For a quartely model we assume: o~ ! = 1.1599; 8 = 0.9970; w = 1.5692; o = 0.7747; § = 12.7721; ¢, = 1.5;
¢, = 0.125; 71 = 0.2; r¢ = —0.0104; p = 0.903. Probability u is set to the maximum value that satisfies
Condition (C'1), which corresponds to an average crisis duration of 10 quarters. The analogous Condition (C2)
establishes the same maximum value for the probability b, thus throughout the analysis we allow it to vary in
the interval [0,0.9].

23



Table presents these coefficients’ values under the assumed parameters, as a function of
probability bJ'7| First I look at the direct impact of the shock (r¢) on crisis-state output and
inflation (Qyg e = 28.8 and Q4 ¢ = 2.5, respectively). These coefficients do not depend on the
probability associated with the transitional state (b), but they are increasing in the duration of

the shock (determined by probability 1) as illustrated in Figure 5.1}

Table 5.1: Solution Coefficients in Each State a Function of Probability b

Ys TS Y M YL L

Q. e 28.8 2.5

s

O Ge 2.3 0.2

Q, 1.0 0.1

Ts

Qs [0.0,123.2] [0.0,12.4] [0.9,24.5] 0.0,2.1]
O s [0.0,6.5] 0.0,0.7] [1.0,2.1] 0.0,0.1]
g (0.0,—1.4]"  [0.0,-0.1]! [0.9,0.5]  [0.004,0.003]

Qo 0.0,5.2] 0.0,0.5] 0.0,0.9] 0.0,0.1]

or 0.0,0.6] (0.0,01]  [0.0,—0.1] 0.0,0.03]

M

Qa, [-47,-233]" [-0.5,—24]" [-0.7,—4.1]" [-0.1,—0.4]" 04 —0.1
Q.. [1.6,9.4] 0.2,1.0] [—0.3,1.3] [0.1,02] —04 0.1

Note: The intervals marked with { are decreasing in b. The others are increasing in b.
The * symbol represents the variables in each column.

As discussed in Section , if agents expect a continuation of the fiscal stimulus and/or an
accommodative monetary policy after the crisis is over, this generates a transitional state that
also affects the short-run allocations. If there is a positive probability associated with the
monetary authority deciding to keep nominal interest rate at zero, or to choose an optimal
rate, after r¢ returns to 7, the term (7 —iy/) impacts not only on medium-run output and
inflation (Qy,, ;,, = [0.9,24.5] and Q,,;,, = [0.0,2.1], respectively), but also on their short-run
levels (Qy,.i,, = [0.0,123.2] and Q. ;,, = [0.0,12.4], respectively). Its effects on these allocations
are positive and increasing in the expected duration of the transitional state. This means that
monetary stimulus provided after the crisis is over can play a significant role in attenuating
the depth of the recession caused by the shock. This happens because it increases output and
generates inflation in the medium run, producing a positive impact on short-run output and
inflation through expectations.

The coefficients on fiscal policy instruments reflect their isolated impact on each state’s

17Tables and in the Appendix present their respective analytical expressions, while Figures
illustrate their behavior as a function of b.
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Figure 5.1: Short-run coefficients as a function of probability p
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allocation. These are the multipliers which most of the literature focuses the discussion on. In

what follows, I examine the multipliers for each fiscal instrument separately.

5.1 Government Spending Multipliers

The impact of fiscal stimuli provided during the crisis (which are independent of b, but
highly dependent on p) replicates the multipliers found in Eggertsson| (2011b)). He shows that,
when the zero lower bound is binding, an increase in government spending has a significant
impact on crisis-state output (Qy, ¢4 = 2.3) and inflation (2, ¢4 = 0.2), attenuating the depth
of the recession. In fact, providing the same stimulus in normal timed™¥ for exactly the duration
of the crisis (determined by the probability y), would produce a smaller impact on output and
inflation (Qf, . = 0.5 and Q. = 0.003, respectively)m

As Woodford (2011]) points out, the short-run government spending multiplier is the highest
when it is needed the most, when fiscal stimulus becomes more urgent since interest rate
cuts alone can no longer stimulate aggregate demand. He also observes that, if government

spending is increased for just one period during the crisis,[Z_U}E] the output multiplier would be

18When the zero lower bound is not binding and policy rule (3.3) determines the nominal interest rate.

19To obtain the multipliers in normal times we use the coefficients from equations ([4.10) and (4.11)) assuming
b=pu.

20To obtain the 1-quarter multiplier, consider = 0 in Qy, g, and Qr, Gg-

21Tf government spending increases for one period only in normal times, the multipliers would be Qgsl,c:s =0.90
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Q%/SHGS = 1. This means that from the 2.3 increase in output caused by the fiscal stimulus, 1
comes from the increase in government spending in the first quarter, while 1.3 results from the
expected spending increase in the following quarters. The same happens to inflation, which
would respond with 0.005 of the rise in the first quarter and a significant part, 0.155, coming
from the increase in government spending in future periods when the zero lower bound is still
binding.

One important observation regarding the multipliers obtained by Eggertsson! (2011b) is that
they are highly dependent on the duration of the crisis (u). Figure shows the responses
of crisis-state output and inflation (Ys,7s) to the short-run fiscal instruments (GS,T{g) as a
function of probability u. We see the significant increase in these coefficients towards the end
of the interval. Therefore, one should keep in mind that we are working with the highest values
of these coefficients once we assume p = 0.903, which implies an average crisis duration of 10
quarters”’} Tt is worth highlighting that this is a limitation of the framework used here, since
the maximum value allowed for the probability u, due to determinacy requirements as discussed
in Propositions [I] and [2, does not admit a longer crisis spell.

I now turn to the analysis of how expectations regarding future policies affect short-run
output and inflation (The coefficients discussed are those presented in Table . The impact
of agents’ expectations that the fiscal authority keeps the stimulus when the zero lower bound
is no longer binding depends on how the monetary authority accommodates it. The association
of higher government spending, with the nominal interest rate kept at ip; = 0, or optimally
chosen (i%,), after the crisis is over, generates an impact that is positive and increasing in b on
both transitional-state output (Qy,, ¢, € [1.0,2.1]) and inflation (Qx,, c,, € [0,0.1]f] It also
has positive effects on short-run output (Qy, ¢,, € [0,6.5]) and inflation (2., ¢,, € [0,0.7]), which
are significantly increasing in the probability b as well. It is interesting to note that for high
values of b, these multipliers get even more substantial than those observed for the short-run
stimulus (Qyq ¢y and Qg cq) P

On the other hand, if the monetary authority responds to the continuation of the government

spending stimulus through policy rule (3.3), the impacts on medium-run output (Q, €

and Q! = 0.004.

22Probably, back in 2010 — 2011, predicting an average expectation of 2.5 years of interest rates at the zero
lower bound seemed very pessimistic. However, looking for how long the Fed Funds rate was maintained near
zero, it might not have been so bad.

23Note that these multipliers accurately replicate the behavior of short-run multipliers varying p. The only
difference is that we assume the maximum value for b = 0.90, slightly smaller than p = 0.903. Making b =
gets the top of the interval equal to the short-run multipliers. We set g = 0.903 to make the result comparable
to those obtained by [Eggertsson| (2011b)). It is just a matter of convenience that we do not extend the interval
for b until the value of u.

24This happens if b > 0.87 for output and b > 0.85 for inflation.
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[0.9,0.5]") and inflation (QZ

TG M

€ [0.004,0.003]") are still positiv, but decreasing in b and
smaller than those observed with an accommodative monetary policy. In this case, the short-

run impact is negative and decreasing in b (2, 5, € [0, —1.4]" and Q7 € [0,—0.1]" for output

7s,GMm
and inflation, respectively). This happens because output increases less than one-for-one with
the increase in government spending in the transitional state, accompanied by a small rise in
inflation. Therefore, the stimulus generated in the medium run is small compared to the cost of
higher government spending. This is in line with the result obtained by |Woodford| (2011]). His
multiplier corresponds to (QY&GS + QE:CS,GM> € [2.3,0.9]" for b € [0,0.9]. He gets a negative total
multiplier with a transitional-state probability higher than 0.91, which is not allowed here.

We also conclude that if the government spending stimulus provided during the crisis is
expected to be permanent, it decreases short-run output and inflation. In this case, long-
run output increases much less than one-for-one with the fiscal stimulus (Qy, ¢, = 0.4), while
inflation decreases (2, ¢, = —0.1). Besides, if there is a transitional state generated by an
accommodative monetary policy, the impacts on medium-run output (Qy,, q, € [—0.7,—4.1]")
and inflation (Qy,, ¢, € [~0.1,—0.4]") are negative and decreasing in b. This is also the case for
short-run output (Qy,.q, € [-4.7,-23.3]") and inflation (R4, € [-0.5, —2.4]"). We will see that
the low increase in output and the deflation generated in the long run are determinant for the
recrudescence of the crisis. As pointed out by [Woodford| (2011)) and Eggertsson (2011b)), this
helps to understand the low values for the spending multipliers found by (Cogan et al.| (2010)).

Note that with a permanent fiscal stimulus, a transitional state will be generated only if the
monetary authority decides to keep the nominal interest rate at ip; = 0 or i},, when the zero
lower bound is no longer binding. In the case the monetary authority goes back to following
policy rule as soon as the crisis is over, with a permanent fiscal stimulus, there is no
transitional state, and the economy jumps straight to the long run. To get short-run output
and inflation, we just need to assume b = (| in Proposition [l In this case, the short-run
impact of a permanent fiscal stimulus is at the lower bound of the intervals (Qy, ¢, = —4.7 and
Qrs.c, = —0.5 for output and inflation, respectively).

It is essencial to observe that I assume the monetary policy reaction to long-run inflation
and output deviations from the steady state does not change to offset fiscal stimulus expected
to be permanent. It would be natural to imagine that a new long-run level for the fiscal
instruments would imply a new stance for monetary policy as well. This is why the results

differ from those obtained by Denes et al. (2013)), which analyze the effects of long-run policies,

25The marker t highlights the intervals which are decreasing in b.
26This will make the coefficients Qv i1, Qrgings Qv Gars Qg Gars QYS,TQ’ QﬁS’TzL equal to zero.
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but with monetary policy targeting zero inflation when not at the zero lower bound. If the
interest rate adjusts to guarantee that there is no inflation or deflation in the long run, the

effect of permanent policies come only from their impact on long-run output.

5.2 Income Tax Multipliers

In general, one would expect that an increase in income taxes would reduce output and
increase inﬂatioﬂ However, Eggertsson (2011b) shows the surprising result that, when the
zero lower bound is binding, an increase in income taxes has a positive effect on short-run
outpu (QYS,T% = 1.0), in contrast with the negative multiplier observed in normal times

T™s,T

time (QNS ;= 0.03). As seen in Figure these multipliers are highly dependent on the
TS, Tg

(Qgsjé = —0.1). The impact on inflation (Q L= 0.1) is also more substantial than in normal
value of probability p which is set at the upper end of the feasible interval.

Eggertsson| (2011b)) explains that the output multiplier is now positive because, when the
zero lower bound is binding, the short-run demand curve becomes upward sloppingf’] This
implies that an increase in taxes in the short run creates inflationary pressures, increasing
inflation expectations in every state where the zero lower bound is still binding. This reduces
the real interest rate, making current consumption cheaper and raising demand. It is important
to point out that this result is particular to the model setup assumed. |[Eggertsson (2011b)
observes that income taxes may have a direct effect on demand if one assumes that a fraction
of workers and/or firms are liquidity constrained, for example.

I show that if income taxes are kept at a higher level after the crisis is over, associated
with an accommodative monetary policy, this generates a transitional state where the economy
is stimulated, with positive output and inflation multipliers (QYM’T& €[0.0,0.9] and Q1 €
[0.0,0.1], respectively), which are increasing in b. Again, these are equivalent to the short-run
multipliers if we were varying p. This policy also has a positive impact on crisis-state output
(Qyy 71, €1[0.0,5.2]) and inflation (2, .1 € [0.0,0.5]). These short-run multipliers are increasing
in b, and they get larger than the effect of the short-run increase in taxes for higher levels of

this probability (b > 0.84 for output and b > 0.85 for inflation).

On the other hand, if the monetary authority goes back to following policy rule (3.3)) as

2TThe values for the coefficients discussed in this section are those presented in Table

I
28This multiplier (QYS,T% = %) is always positive and increasing on the crisis’ duration (p).

29Note that again we compute the multipliers in normal times assuming the expected stimulus duration to be
the same of the crisis (determined by the probability w). If the stimulus was provided for just one period, its
impact on output and inflation would be approximately zero during normal times or the crisis state.

30This can be seen in the derivation of the short-run solution in the proof of Proposition (See Equation

B.1D)
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soon as the crisis is over, the continuation of higher income taxes decreases output (Q£M 1 €
"M

[0.0,—0.1]") and causes inflation to increase less (QzMﬁM € [0.0,0.03]) in the transitional state.
The effects on short-run output and inflation are still positive (QYSJ{M €[0.0,0.6] and Q. 1 €
[0.0,0.1], respectively), but smaller than those obtained when monetary policy accommodates
the fiscal stimulus in the medium run.

If the stimulus provided during the crisis through an increase in income taxes is expected
to be permanent, in the long run, there is a decrease in output (QYL% = —0.4) and an increase
in inflation (Qﬂsﬁé = 0.1). With a transitional state generated by an accommodative monetary
policy kept after the crisis is over, the effect on medium-run output is initially negative, but it
increases with b, getting positive if this transitional state is expected to last longer (QYM,Ti €

[—0.3,1.3]). The expression for this multiplier is given by

(=) [(1 = Bb) Qy, 1 00
QYMJ%‘ - I‘bcr

which shows that the medium-run output multiplier of long-run income taxes is a combination
of long-run output and inflation multipliers (the same happens for the medium-run inflation
multiplier). Thus, we see that as b increases, it puts more weight on the positive long-run
inflation multiplierﬁ (Q

x,+1) than on the negative long-run output multiplier (Qy, .r). The

impact on medium-run inflation is positive and increasing in b (vami € [0.1,0.2]). Finally,

the impact of a permanent increase in taxes on crisis-state output and inflation is positive and

increasing in b (Qy, -1 € [1.6,9.4] and Q1 € [0.2,1.0], respectively).

We also observe that the short-run multipliers of long-run income taxes are a combination
of medium- and long-run output and inflation multipliers. This can be seen in the expressions
derived in the proofs of Propositions [I] and [2] in the Appendix and summarized in Tables
and[A.2] For example, the impact of long-run income taxes on short-run output is given by the

expression

(]._ILL> b [(1_BILI/) QYM,’Ti +UQ7T]\/[,T£:| +
Lo
wr | (0= 0) [(1= B Oy, oy + 09, 1]

YSﬂ—i -

where I'))p = (1 — p) (1 — Bp) — pko.
This shows that the short-run multiplier is a weighted average of the medium- and long-run
multipliers. In this specific case, it combines a negative multiplier (Qy, ;1 = —0.4), a multiplier

that is negative for low values of b, but positive for higher values (QYM% € [-0.3,1.3]) and

31nitially, for b € [0,0.13], we have that (1 — 3b) > o, but for b > 0.14, we obtain (1 — 8b) < 0.
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positive multipliers (€,

1 € [0.1,0.2] and O 0.1). Since o > (1 —fu), we see that
inflation multipliers have a larger weight on the short-run multiplier. Hence, although the
permanent policy decreases output in the long run, and might also decrease it in the transitional
state as well, its effect on generating more inflation in the future represents an improvement
upon the recession observed during the crisis. However, this does not necessarily mean the
economy is better off in terms of welfare. This will be discussed in the next section.

As it was the case with government spending, I need to point out that with a permanent
increase in taxes, there will be a transitional state only if monetary policy accommodates the
increase in taxes (ips = 0 or i%,) after the crisis is over. If the monetary authority returns to
rule , as soon as r{ returns to 7, there will be no transitional state and the economy jumps
straight to the long run. In this case, short-run output and inflation are obtained by assuming
b = 0 in Proposition |1| with multipliers at the lower bound of the intervals (QYS,TL = 1.6 and
Q. sl = 0.2 for output and inflation, respectively).

It is important to note that these multipliers should be carefully interpreted since it is the

interplay between policies that will determine the levels of output and inflation in each state.

This is the topic of next section.

6 Analysis of Different Policies’ Combinations

I now discuss how the interaction of policies carried out during the crisis, their implemen-
tation timing and expectations regarding future policies affect the depth of the recession caused
by the shock that makes the zero lower bound binding. I look at their effects on output and
inflation in each state and discuss their implications in terms of welfare losses.

Before analyzing the various cases, I point out to a result that, associated with those ob-
tained in Propositions [I] and [2, is helpful to understand the mechanisms behind the effects
obtained for output and inflation in each state. In the derivation of solution allocations in the
proofs of these propositions, output and inflation are expressed as functions of the shock (rg),
the gap between steady-state interest rate and medium-run interest rate (7 — ;) and the fiscal
instruments in each state of the economy (Gs, 75, G, 74, G and 71). This is convenient
because it will enable us to discuss the impact of each instrument on the levels of output and
inflation. However, an intermediate step in the proof of Proposition (1| allows us to express
short-run output and inflation as functions of output, inflation and government spending in the

transitional state and the long runf?|

32The relations presented in Propositions [I| and [2| are obtained by plugging the medium- and long-run levels of
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Ve _ (I}BM)U’"E L0 =5w) <% — 1) =Rl +M§wa17§+ (6.1)
Ho Ho ad

(A —p) ) b[(0=Pp) (Yar = Gur) +omu] +
Lo (1—b)[(1—pBp) (YL, —Gr) +ory]

K 1—p)(1—vo )k 1—pk
no nuo no

(1—p) | ol (Yar — Gur) + [B(1 — p) + ko] mar] +
Lo (1=b) [k (Y, — GL) + [6(1 — p) + ko] 7]

where I')p = (1 — Bp) (1 — p) — pro > 0.

The first line in equations and represents our benchmark case, where short-run
output and inflation are affected by the shock and the fiscal stimulus provided during the
crisis (Gg or 75). The second line shows how short-run allocations are affected by medium-
and long-run output, inflation and government spending. This is a result of the expectation
terms Etf/t“, Eymiq and E{;’Hl in the (I5) and (AS) equations, and , respectively.
These relations are a weighted average between what happens in the medium and long runs,
with weights defined by the probability b. This means that the longer the transitional state is
expected to last (higher b), the larger its impact on short-run allocations will be. I should also
point out that future inflation is relatively more important than future output in determining
short-run allocations 7]

I will also make use of the equations for medium-run output and inflation from Proposition

[ before substituting for the long-run allocations, which are similar to (6.1]) and (6.2):

Fba

1 (1—8b)o (F—in) + [(1 — B8b) (1 — b) — b)) Gas + bropx Tl +
Yv=—- (6.3)
(1=0)[(1—8b) (YL —GL) + omp]

BED) { (1 (7= ian) + (1= b0 ™) kG + r Tt } 61

Doo | w(Y2—GL)+[8(1—b) + ko] g
where Ty, = (1 — 8b) (1 — b) — bko > 0.
In the transitional state, the gap between long- and medium-run interest rates (7 — i)
and medium-run fiscal stimulus (G, or 74,) determine output and inflation. But if the fiscal

policy implemented is expected to be permanent, medium-run output and inflation will also be

output and inflation (Yas, 7war, Yz, 1) in these intermediate step equations.
33Under the parameterization assumed, o = 0.86 > (1 — Bu) = 0.10 and [3 (1 — p) + ko] = 0.1041 > x = 0.0086.
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impacted by the long-run gap between output and government spending (Y; — G1) and, even
more, by long-run inflation ]

Table [6.1] summarizes the results for short and medium-run output and inflation and the
associated welfare losses for all the cases analyzed in the paper, with stimulus provided either
through government spending or income taxes. In those cases for which the solutions depend
on the value of probability b (Cases (C) — (J), (L), (M), (O) and (P)), the table presents the
solution associated with the maximum value of this probability for which there is a unique

determined solution (byax). I will discuss how these solutions vary with b.

Table 6.1: Short and Medium-Run Output and Inflation and Total Welfare Losses

G Policy 71 Policy
Welfare Welfare
Ys TS Yvu M Losses max Ys s Yu TMm Losses max

(A) —29.9 -9.9 9.9 —-299 -99 9.9

(B) —185 —6.9 48 —248 -75 5.7

(@) —25.7 —-9.2 2.4 0.1 8.5 0.90 —-22.0 —-6.1 —-04 0.6 3.8 0.90
(D) —4.5 —1.6 3.2 0.8 0.3 0.88 -71 -0.7 39 1.1 0.1 0.89
(E) —-2.9 —-0.7 8.0 1.3 0.1 0.85 —54 0.1 3.8 1.5 0.1 0.87
(F) —4.5 —-1.6 3.2 0.8 0.3 0.88 —5.7 0.0 3.8 1.3 0.1 0.90
(G) —-2.9 —0.7 8.0 1.3 0.1 0.85 —6.7 0.1 2.7 1.7 0.2 0.90
(H) -37.1 —12.1 2.4 0.1 14.8  0.90 —-271 -85 —-04 0.6 7.3 090
€ -3.9 0.4 9.9 2.0 0.3 0.88 —-6.3 —0.7 45 1.8 0.3 0.88
@) —6.0 —-0.2 8.7 2.2 0.4 090 —5.7 —0.2 3.9 21 0.4 0.90
(K) —42.0 -16.0 38.1 -16.9 =29 15.5

(L) —65.2 —23.9 —2.7 -3.5 70.6  0.90 —6.3 1.0 1.2 26 14.8 0.77
(M) -1189 -—40.1 -13.4 -6.9 177.9  0.90 —6.3 1.0 1.2 2.6 14.8 0.77
(N)  —535 —18.8 47.9 —220 -54 17.6

(0) —-76.6 —26.5 —-2.7 -3.5 83.7 0.90 —5.7 0.7 24 29 14.8 0.82
(P) -—-1224 —40.1 -11.8 —-64 1774 0.90 —5.7 0.7 24 29 14.8 0.82

A) No fiscal or monetary policy

B) Fiscal stimulus during the crisis state

C) Fiscal stimulus kept in the medium run, ips = rf + ¢ m¢ + ¢, Ys

D) Fiscal stimulus in the crisis state only, ips = 0

E) Fiscal stimulus kept in the medium run, ép; =0

F) Fiscal stimulus in the crisis state only, ins = 13,

G) Fiscal stimulus kept in the medium run, ip; = 4%,

H) Fiscal stimulus implemented after the crisis, ipr = 7§ + ¢ m¢ + by Yt

I) Fiscal stimulus implemented after the crisis, ipy = 0

J) Fiscal stimulus implemented after the crisis, i) = iy

K) Permanent fiscal stimulus, ips = 7§ + ¢, 7t + ¢, Yz

) Permanent fiscal stimulus, 5y = 0

M) Permanent fiscal stimulus, iar = i},

N) Permanent fiscal stimulus implemented after the crisis, ipr = r§ + ¢ me + ¢y Ys

O) Permanent fiscal stimulus implemented after the crisis, ipf =0

(P) Permanent fiscal stimulus implemented after the crisis, ips = i},

Note: bmae represents the maximum value of probability b for which there is a determined solution in the respective case. The
allocations presented in this table, that depend on the value of b, are computed using the respective bmaz.

In the rest of this section, I first analyze all the cases assuming the implementation of

fiscal stimulus during the crisis through increases in government spending. In what follows,

31The coefficient [3 (1 — b) + ko] € [0.99,0.11] for b € [0,0.90], while £ = 0.0086.
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I discuss the stimulus carried out through increases in income taxes. I assume that once a
fiscal instrument is chosen during the crisis, the government sticks to it in every following state.
This rules out switching between spending and taxes which, although interesting and realistic,
complicate unnecessarily the analysis. The list of possible combinations is not exhaustive but

allows us to explore the mechanism and understand some appealing results.

6.1 Impact of Government Spending Stimulus

In this first part of the analysis, I assume that when a shock hits the economy, there is a
5% increase in government spending’] I will show that this stimulus is not sufficient to fully
stabilize output and inflation during the crisis, but it is still large enough to reduce the fall in
short-run output and inflation significantly. I will not pin down the optimal level of government
spending increases in response to the crisis. However, |Woodford| (2011)) observes that, in this
context, "it ws not optimal to fully stabilize inflation and the output gap, despite the feasibility
of doing so, because of the inefficient composition of expenditure that this would involve." Since
I am focusing the discussion on the comparison of different policies’ combinations, the value
assumed for the rise in government spending seems reasonable.

In what follows, it becomes clear how the impact of this policy on short-run output and
inflation depends not only on the size of the stimulus provided while the zero lower bound is
still binding but also on what agents expect regarding the interaction between monetary and
fiscal policies once the crisis is over. Expectations about the timing of implementation and
termination of the fiscal stimulus are also crucial in determining the depth of the recession.

To begin with, I assume that the increase in government spending is expected to be tempo-
rary (Cases (A) — (J)), but I will also discuss what happens if it is supposed to be permanent
(Cases (K) — (P)). In all the cases, I assume the economy is hit by a shock that makes the
zero lower bound binding in the short run. Case (A) represents the fall in output and inflation
(30% and 10% respectively, according to the parameterization discussed above) that occurs if
no stimulus policy is implemented in response to the crisis.

I consider (B) the benchmark case in our analysis. This is the case analyzed in |Eggertsson
(2011b)), and that is much discussed in the literature. It assumes a perfect timing between
the fiscal stimulus and the shock, meaning that the fiscal instrument returns to its pre-crisis
level as soon as r{ returns to 7, while the monetary authority goes back to following rule (3.3)

right away. This stimulus represents a significant improvement upon the recession caused by

35 According to the IMF Fiscal Monitor, this was approximately the increase in government expenditure in the
US in 2009.
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the shock (Case (A)). The fall in output goes from 30% to 19%, while inflation decreases 7%,
instead of 10%. Using the welfare loss function derived in Proposition [3, I obtain that the
stimulus provided during the crisis takes the economy from losses of 9.9% in Case (A), to 4.8%
in Case (B).

We note that the termination timing of this stimulus is crucial. If the rise in government
spending is kept after the crisis is over, with monetary policy going back to rule as soon
as r{ returns to 7 (Case (C)), the decrease in short-run output and inflation will be larger
than in Case (B). Figure [6.1] shows how the solutions depend on the probability associated
with the transitional state (b). The longer it is expected to last i.e., the longer the government
spending stimulus is kept after the crisis is over, deeper will be the fall in output and inflation
during the crisis. This happens because an increase in government spending in the transitional
state, without monetary policy accommodation, has a negative impact on crisis-state output
and inflation. In this case, keeping the fiscal stimulus, when the zero lower bound is no longer
binding, creates a transitional state with higher output and inflation. However, the medium-run
output multiplier smaller than one (2. € [0.90,0.47]) implies an increase in activity smaller
than the increment in government spending. This makes the term (Y — Gy/) in and
negative and large enough to cancel out the positive effect coming from higher medium-run

inflation.

Figure 6.1: Short-Run Impact of Temporary Government Spending Stimulus
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Although getting the timing of returning the fiscal instrument to its pre-crisis level wrong
is harmful to the economy, it is still better than not providing any stimulus (Case (A)). One

can also see in terms of welfare losses, which are more significant than in Case (B), but still
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smaller than in Case (A), even for the highest value of b (See Figure [6.2). It is important to
observe that welfare losses depend not only on output and inflation in the crisis state but also

on their medium- and long-run levels, as well as on the level of government spending in each

state (see equation (4.17)).

Figure 6.2: Welfare Losses - Temporary Government Spending Stimulus
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If the transitional state is created by agents’ expectations that the monetary authority will
keep the nominal interest rate at zero after the crisis is over, with government spending going
back to its pre-crisis level as soon as r{ returns to 7 (Case (D)), the decrease in short-run
output and inflation is reduced. This effect is stronger for a longer expected transitional state.
Keeping the interest rate at iy, = 0 increases output and inflation in the transitional state,
with a positive direct effect on short-run output and inflation as can be seen in equations
and . Note that, in this case, the sequence of black circles in Figure stops before the
highest value assumed for b = 0.9. This happens because for b > 0.88 the nominal interest rate
implied by rule in the short run is positive and the zero lower bound is no longer binding.
In fact, for these values of b, Condition (C4) is violated; thus the results from Proposition [I] do
not apply. Then, I disregard these values.

We see that the solution in Case (D) coincides with the case in which medium-run interest
rate is optimally chosen (Case (F)). This is the case since the optimal transitional-state in-
terest rate problem in Proposition [4] gives precisely i}, = 0, until b = 0.88. But it also implies
that Condition (C4) is no longer satisfied for b > 0.88. Considering welfare, keeping an accom-
modative monetary policy, even when the zero lower bound is no longer binding, represents a

significant improvement upon Case (B), where the authority goes back to following rule (3.3])
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as soon as the crisis is over, getting close to zero for higher values of b (see Figure .

In the cases where there is an association of the medium-run accommodative monetary
policy with a continuation of the fiscal stimulus after the crisis is over (Cases (E) and (G)),
short-run output and inflation decrease less than when the monetary authority provides the
stimulus in isolation. In these cases, Condition (C4) is no longer satisfied for b > 0.85. We see
that with monetary accommodation of the fiscal stimulus in the transitional state, output and
inflation increase significantly in the medium run compared to Case (C'), where the monetary
authority goes back to rule (3.3) as soon as the crisis is over. This happens because monetary
accommodation causes the medium-run multipliers to increase (Qy,, ¢, € [1,2.1] and Qr,, ¢,
€ 10.0,0.1]), allowing output to increase more than one-for-one with the increase in government
spending. Thus, the term (Y); — Gy) in and will be positive and increasing in b,
which comes along with higher inflation (/) as well, undermining the decrease in output and
inflation during the crisis. We see in Figure that this would imply the lowest losses for the
economy, getting close to zero for b = 0.85.

Regarding the implementation timing of the fiscal stimulus, I analyze an increase in govern-
ment spending implemented when the zero lower bound is no longer binding. Woodford, (2011))
points out that, even if there is an implementation delay, as long as the eventual increase in
government spending occurs during the financial disruption, there will be a positive effect on
short-run output. If most of the stimulus is carried out in a post-crisis environment, without
accommodation by the monetary authority, it will be ineffective, or even counter-productive.

I study the extreme case in which the rise in government spending only occurs after the
crisis is over. This will also generate a transitional state where the impacts on output and
inflation depend on the monetary authority’s response. If it goes back to rule as soon
as r{ returns to 7 (Case (H)), medium-run output and inflation increase, but the multiplier
on output is smaller than one and decreasing in b (2. 5 € [0.9,0.5]). This implies that
the term (Yas — Gys) in short-run solution equations and is negative and significant
enough to cancel the positive impact of higher inflation (7). In this case, we do not have the
positive effect of the stimulus provided in the short run (Case (C)), thus the expectation of
an implementation delay makes the economy even worse than if there was no stimulus at all
(Case (A)). This is also reflected in welfare losses which grows the longer the transitional state
is expected to last.

Nonetheless, if the fiscal stimulus is supposed to be carried out after the crisis is over, but

agents also assume it to be associated with an accommodative monetary policy (ips = 0 or %)
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(Cases (I) and (J ))Jﬂ transitional-state output and inflation increase more than in Case (H).
In fact, the monetary accommodation makes the medium-run output multiplier larger than
one (Qy,, ¢, € [1.0,2.1]), causing (Yy — Gar) to be positive and increasing in b. There is still
no stimulus provided in the short run, but there is an improvement upon not providing any
stimulus at all (Case (A)).

It is interesting to note that, for most values of b, delaying the increase in government
spending for after the crisis is over, even with monetary policy accommodation, is worse than
providing the stimulus only during the crisis. Nevertheless, when the transitional state is
expected to be long (higher b), the decrease in short-run output (b > 0.83) and inflation (b > 0.79)
can get smaller than in the benchmark (Case (B)). They are close to those observed when there
is a transitional state generated by an accommodative policy with fiscal stimulus only during
the crisis (Cases (D) and (F)). The key for this result is that with a more extended transitional
state, medium-run inflation is expected to be high, which helps to reduce the depth of the
recession. In terms of welfare losses, Figure shows the improvement of Cases (I) and (J)
upon having no stimulus at all (Case (A)). With a longer transitional state (b > 0.79), losses
get smaller than in the benchmark case (Case (B)) and close to the cases with short-run fiscal
stimulus and medium-run accommodative monetary policy.

Summarizing, the timing of implementation of a fiscal stimulus through increases in gov-
ernment spending, and expectations regarding its termination, are fundamental in determining
the depth of the recession caused by a shock that makes the zero lower bound binding. It is
crucial to the fiscal authority to be able to respond quickly when the shock hits the economy.
But it is also essential for both monetary and fiscal authorities to coordinate their policies after
the crisis is over and, above all, to be able to signal them correctly, so agents incorporate this
into their expectations, helping to mitigate the decrease observed in output and inflation and
the associated welfare losses. Besides, it is critical that agents understand that the policies im-
plemented are supposed to be temporary. If they expect the increase in government spending

to be permanent, the results are disastrous. I discuss this in the next subsection.

6.1.1 Permanent Government Spending Stimulus

As we saw in the discussion so far, agents’ expectation regarding future policies are crucial

in determining the levels of output and inflation during the crisis. It is important to the fiscal

36Note that in Case (I), Condition (C4) is no longer satisfied for b > 0.88. However, for Case (.J), it is satisfied
until b = 0.90, with ¢}, = 0 until b = 0.88 and }; > 0 in the higher end of the interval. This explains the
inflection observed in short- and medium-run solutions and in welfare losses.
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authority to make clear that the stimulus provided is supposed to be temporary, even if there
is an implementation delay. Table shows short-run output and inflation and the associated
welfare losses for Cases (K) — (P) for which the fiscal stimulus is expected to be permanent.
Cases (K) — (M) assume that the increase in government spending occurs during the crisis,
while Cases (N) — (P) assume it is expected to be implemented after the crisis is over. They
differ on expectations regarding the monetary authority’s behavior in the transitional state.
Figure [6.3] shows what happens to short-run output and inflation in these cases. If the
stimulus carried out during the crisis is expected to be permanent, with monetary policy going
back to rule as soon as r¢ returns to 7 (Case (K)), crisis-state output and inflation decrease
more (42% and 16%, respectively) than if no stimulus was provided at all (Case (A)). In the
long run, output increases much less than one-for-one with government spending (Qy, ¢, = 0.4),
making the term (Y, — G1) negative, while inflation decreases with a permanent increase in
government spending (., ¢, = —0.1). Hence, both relevant terms in and are
negative, canceling the positive effect of the short-run stimulus and exacerbating the depth of
the crisis. Comparing with the case without stimulus (Case (A)), this policy almost quadruples

the losses in terms of welfare, as can be seen in Table [6.1]

Figure 6.3: Short-Run Impact of Permanent Government Spending Stimulus
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Even if the monetary authority decides to temporarily keep an accommodative monetary
policy (ipr = 0 or i%,), when the zero lower bound is no longer binding (Cases (L) and (M)), the
expectation of a permanent increase in government spending dominates the effect on short-run
output and inflation. In fact, if the transitional state created by an accommodative monetary

policy is expected to last longer (higher b), output and inflation can fall even more than if it
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returns to rule (3.3]) right after the crisis is over (Case (K)).

This happens because expectations of a sharp deflation, in the long run, have a large neg-
ative effect on transitional-state output and inflation (see equations and ) Also,
since output is expected to increase less than one-for-one with government spending, the term
(YL, — G1) is negative. The effect of this term, associated with long-run deflation, overcomes the
effect of higher government spending accommodated by the monetary authority in the transi-
tional state. It is bad for the economy to keep an accommodative policy after the crisis is over
if low output growth and deflation are expected in the long runf”|

This is also reflected in crisis-state output and inflation, as can be seen in Figure [6.3] With
a small duration expected for the transitional state, the effects of long-run deflation and low
output growth dominate the marked decrease in output and inflation during the crisis, over-
coming the positive impact of the short-run stimulus. However, with a long transitional state
under an accommodative policy, the decreases in medium-run output and inflation remarkably
exacerbate the drop in short-run output and inflation. In both cases, the welfare losses are
remarkable, especially when optimal medium-run interest rate gets positive.

Cases (N) — (P) repeat this analysis assuming the fiscal stimulus is implemented when the
crisis is over but is expected to be permanent. Since short-run allocations do not affect the
following states, medium- and long-run output and inflation are the same as in Cases (K)—(M).
The only difference occurs when the medium-run interest rate is optimally chosen (Cases (M)
and (P)), making medium-run output and inflation slightly different{ig] In the short run, the
economy is worse off since there is no stimulus during the crisis to counteract the effect of the
shock and further decreases in output and inflation are expected in future states. Consequently,
these are the cases where welfare losses are more pronounced.

Summing up, it is crucial that the fiscal authority correctly signals that an increase in
government spending provided in response to a shock that makes the zero lower bound binding
is supposed to be temporary. If agents expect this increase to be permanent, it remarkably
exacerbates the depth of the recession. It can get even worse if the monetary authority extends
the accommodative monetary policy after r{ returns to 7 and/or if the fiscal measure is expected

to be implemented with a delay.

3TNote that for both Cases (L) and (M), Condition (C4) is satisfied Vb € [0,0.90]. In Case (M), for b < 0.86,
i3y = 0. For higher values of b, i}, gets positive, but not large enough to imply the violation of Condition (C4).
381t is important to note that, according to Proposition 4} i}, does not depend on long-run values of ouptut
and inflation. It depends on the shock and the policy instruments used in the short and medium runs. That is
why the solution is different with the implementation delay because instruments are not used in the short run.
But note that since for most values of b, the restriction ¢5; > 0 is binding, medium-run allocations only differ
in these cases for higher values of b, when this restriction is no longer binding.
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6.2 Impact of Income Taxes Stimulus

I repeat the discussion using income taxes as the fiscal instrument to stimulate the economy,
also assuming a 5% increase in taxes during the crisisf”| Table summarizes the results for
short-run and medium-run output and inflation and the associated welfare losses for all the cases
included in the analysis. In a nutshell, an increase in income taxes is stimulative during the crisis
and it continues boosting the economy as long as monetary policy keeps being accommodative.
An implementation delay is not as harmful as in the case of government spending stimulus,
and it can still be beneficial if expected to be associated with an accommodative monetary
policy. Finally, even if the stimulus is supposed to be permanent, it can mitigate the drop in
short-run output and inflation, but the long-run impact is negative, implying more considerable
welfare losses. I analyze first those cases in which the increase in income taxes is expected to
be temporary. I later discuss the impact of an expansion expected to be permanent.

Figure [6.4] presents short-run output and inflation for Cases (A) — (J). As discussed above
regarding the multipliers, an increase in taxes during the crisis (Case (B)) has a positive effect,
reducing the fall in output to 25% and inflation to 7.5%. We observe that this stimulus is not
as powerful as the one provided by government spending, but it helps to reduce the depth of

the recession. It also lowers welfare losses caused by the crisis from 9.9% to 5.7%.

Figure 6.4: Short-Run Impact of Temporary Income Tax Stimulus
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However, in contrast to government spending, if the fiscal authority temporarily keeps in-

39Tn fact, according to the Fiscal Monitor, 2009 data for the US shows there was a drop of 2% in government
revenues as a percent of GDP. We assume a 5% increase in income taxes to make the results comparable to those
obtained with government spending stimulus and discuss the impact of a positive short-run output multiplier
for income taxes.
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come taxes higher after the crisis is over (Case (C)), short-run output and inflation will decrease
less than if the timing was perfect relative to the crisis. In this case, the recession is smaller the
longer the transitional state is expected to last (higher b). To understand this result, I analyze
the transitional state created by keeping income taxes higher after the crisis is over. Given that
monetary policy returns to rule (3.3) as soon as r{ returns to 7, medium-run output decreases
(QXT’M%M € [0.0,—0.1]"), while inflation increases (Q%F,Mﬂu € [0.004,0.003]). Using equations
and , we see that medium-run inflation is more relevant than output in determining the
short-run allocations. Therefore, even with an expected small decrease in activity after the
crisis is over, the fact that this policy generates expectations of higher inflation when the zero
lower bound is no longer binding stimulates the economy in the short run. This reduces welfare
losses, compared with the case where income taxes return to their pre-crisis level as soon as r{
returns to 7 (Case (B)). The losses in Case (C) are smaller the longer the transitional state is

expected to last (See Figure [6.5)).

Figure 6.5: Welfare Losses - Temporary Income Tax Stimulus
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Instead, if the fiscal stimulus is dropped as soon as the crisis is over, but monetary policy
can stimulate the economy keeping the transitional-state nominal interest rate at ip; = 0 (Case
(D)) or setting it optimally at i%, (Case (F')), the longer the transitional state generated by
this policy is expected to last, smaller will be the fall in output and inflation. Again, for
most values of b, the optimal medium-run interest rate is i}, = 0. It only becomes positive for
b > 0.89, with Condition (C4) still satisfied. For Case (D), (C4) no longer holds for > 0.89. In
the transitional state, keeping the nominal interest rate at zero increases output and inflation

through the positive impact of the gap between steady-state and medium-run nominal interest
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rate (7 —ipr) (See equations and (6.4))), which is increasing while i%, = 0. Once the optimal
medium-run interest rate gets positive, transitional-state output and inflation slightly decrease,
affecting the short-run allocations as well. Under the expectation of both output and inflation
being higher after the crisis is over, the economy gets a boost in the short run, reducing the
associated welfare losses even more.

The recession will be further mitigated if the government associates a medium-run ac-
commodative monetary policy with a continuation of the fiscal stimulus (Cases (E) and (G)).
Besides getting the effect of the positive interest rate gap (7 —iys), this policy extends the
period with a positive output and inflation multiplier (QYM’#\/{ € [0,0.9] and Qy,, 01 € [0,0.1],
respectively), boosting the economy in the transitional state. Note that Condition (C4) is no
longer satisfied for b > 0.87 in Case (F), which is also the value of b for which optimal medium-
run interest rate becomes positive. The stimulative effect of higher income taxes after the crisis
is over is exacerbated by the accommodative monetary policy, further mitigating the decrease
in short-run output and inflation and, consequently, attenuating the associated welfare losses.

I also analyze what happens if the effective rise in taxes is expected to be delayed, with its
implementation only occurring when the zero lower bound is no longer binding (Cases (H)—(.J)).
In the case of taxes, this is even more likely than with government spending, which is usually
able to respond quicker. Again, the impact depends on how the monetary authority responds
to this policy. If it goes back to the rule as soon as the crisis is over (Case (H)), it can
still undermine the depth of the recession because, although it decreases output in the medium
run, it is able to create expectations of higher inflation after r{ returns to 7. Even though
the decrease of the short-run output and inflation is higher than if the policy was implemented
during the crisis (Case (B)), it is still better than not implementing any policy at all (Case (A)).
This contrasts with what happens under a government spending stimulus where the delayed
policy, under a non-accommodative monetary policy, is worse than a total absence of fiscal
policy. Delayed implementation of an increase in taxes can reduce the welfare losses compared
to Case (4).

However, associating the delayed rise in income taxes with an accommodative monetary
policy (ipr = 0 or i},) (Cases () and (J)), medium-run output and inflation increase (Note that
in Case (I), Condition (C4) is no longer satisfied for b > 0.88). For low values of b, it is still
worse than the timely implementation because it does not count with the stimulative effect of
the policy in the short run. But, for b > 0.74, the fall in output is smaller than in the benchmark
case. The same happens to inflation for b > 0.77. We observe that short-run allocations get

close to those found in Cases (D) — (G) for levels of b close to the top of the interval. The
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same happens to welfare losses, which are more significant than in the benchmark case but get
smaller for b > 0.77.

To sum up, besides being stimulative during the crisis, an increase in income taxes that
continues once the zero lower bound is no longer binding can boost the economy more, espe-
cially under an accommodative monetary policy. Even if there is an implementation delay, it
is still better than not providing any policy at all, particularly under monetary policy accom-
modation with the transitional state expected to last longer. Therefore, independently of the
fiscal instrument used to stimulate the economy, it is crucial for monetary and fiscal authorities
to be able to coordinate and correctly signal their policies, not only during the crisis but in
future periods as well. It is also crucial that agents comprehend that the policies carried out
are supposed to be temporary. A permanent increase in income taxes can also have deceiving

results as I will discuss next.

6.2.1 Permanent Income Taxes Stimulus

I examine the impact of an increase in income taxes which is expected to be permanent.
While Cases (K) — (M) assume the rise in income taxes to be carried out during the crisis,
Cases (N) — (P) suppose it only occurs when the zero lower bound is no longer binding. They
also differ on the expected behavior of the monetary authority once the crisis is over.

Figure presents the behavior of short-run output and inflation in each case. If the rise in
income taxes that occurs in response to the crisis is expected to be permanent, with monetary
policy expected to return to the rule as soon as r¢ returns to 7 (Case (K)), there is indeed a
smaller decrease in short-run output and inflation, compared to the temporary benchmark Case
(B). This occurs because inflation increases, even though long-run output decreases. Significant
higher inflation in the future has a crucial stimulative impact on crisis-state allocations as can
be seen from equations and (6.2). However, welfare losses get dominated by long-run
output depression and higher inflation. It remarkably increases to 15.5%, thus higher than if
no policy was implemented 9.92% (Case (A)).

It is crucial to highlight that assuming the monetary authority keeps responding through
rule , unmodified under permanent changes in fiscal instruments, is critical for the results
obtained. If I assumed that it follows a strict zero inflation target, it would be allowed to adjust
the nominal interest rate to avoid this spike in long-run inflation, although we would still have
a decrease in long-run output. This would have a negative effect on short-run allocations.

In those cases where one associates the permanent rise in income taxes with an accom-
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modative monetary policy in the transitional-state (Cases (L) and (M), with ips = 0 or i},
respectively), output and inflation indeed decrease less in the short run, compared to the case
with non-accommodative response from the monetary authority (Case (K)). If this transitional
state is expected to last longer, the decrease in short-run output and inflation get even smaller

(note that for both Cases (L) and (M) Condition (C4) does not hold for b > 0.77).

Figure 6.6: Short-Run Impact of Permanent Income Taxes Stimulus
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If there is an implementation delay and the increase in taxes is only carried out when the
zero lower bound is no longer binding (Cases (N) — (P)), medium- and long-run allocations are
the same as in Cases (K) — (M), since they do not depend on short-run allocations. The only
difference is that with an accommodative monetary policy (Cases (O) and (P)), Condition (C4)
does not hold for b > 0.82. If the effective rise in taxes only occurs after the crisis is over, output
and inflation do not count with the stimulative effect of higher income taxes in the short run.
They only decrease less than in the benchmark Case (B) because of the expectation of higher
inflation in the future. But we still get the highest welfare losses among all the cases since the
short-run recession and deflation associated with the long-run recession and inflation take the
economy far away from the stability that would imply no losses. It is interesting to observe
that, if a transitional state generated by an accommodative monetary policy (Cases (O) and
(P)) is expected to have a long duration, short-run output and inflation get larger than those
observed with a permanent rise in taxes carried out during the crisis (Case (K)). This happens
with b > 0.65 for output and b > 0.71 for inflation, reducing the associated welfare losses, which
get close to those observed in Cases (L) and (M).

Summarizing, as remarked when government spending was the instrument being discussed,
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it is critical to the fiscal authority to signal that a response to the crisis through an increase
in income taxes is supposed to be temporary. Although mitigating the drop in output and
inflation during the crisis state, an expected permanent rise in taxes implies significant losses
in terms of welfare, even with an accommodative monetary policy stance after the crisis is over.

Losses are deeper if this policy is expected to be permanent and carried out with a delay.

7 Conclusion

This work discussed the crucial role expectations regarding future policies play in deter-
mining the depth of a crisis produced by a shock that causes the nominal interest rate to reach
the zero lower bound. It showed that when analyzing the impact of a fiscal stimulus provided
during the crisis, we need to go beyond looking at short-run multipliers. When the stimulus is
expected to be implemented and terminated, and how it is expected to be accommodated by
the monetary authority when the zero lower bound ceases to bind, is determinant to evaluate
its effects on output and inflation during the crisis. It also showed that a thoughtful evaluation
of a fiscal stimulus regarding the implied welfare losses should account not only for the effects
of policies on short-run output and inflation but also for the present discounted value of future
output and inflation as well.

In such a severe downturn, monetary and fiscal policies will be more expansionary if they
last longer than the shock spell and coordinate their moves. This coordination is necessary not
only during the crisis but also regarding the commitment to future policies. Another crucial
aspect for stimulating the economy is that the fiscal authority needs to be able to respond
quickly to the shock, minimizing implementation delays and correctly signaling the duration of
the stimulus.

The most successful combinations of policies are those in which the fiscal stimulus is expected
to be temporary and carried out with minimum delay once the crisis hits the economy. If
kept when the shock is no longer causing the zero lower bound to bind, the fiscal policy only
improves overall welfare if expected to be associated with an accommodative monetary policy.
This combination of policies can create expectations of higher inflation when the crisis is over
and, even if small decreases in output are expected, generate positive impacts on economic
activity during the crisis, implying in lower welfare losses.

We also saw that an increase in income taxes stimulates the economy when the zero lower
bound is binding. However, this instrument’s impacts are smaller than those obtained with a

stimulus provided through increases in government spending. Besides, keeping higher income
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taxes after the crisis is over, even without monetary policy accommodation, contributes to
improving the economy, in contrast to what we observe with government spending. This means
that a mistake in ending the stimulus implemented through increases in income taxes is not as
harmful as the one in the timing of reverting an increase in government spending. This is also
valid for the implementation timing of policies. If the stimulus is carried out through increases
in government spending that are expected to occur only when the crisis is over, without any
accommodation from monetary policy, it is better not to implement any policy at all. Delaying
the increase in taxes until the shock is no longer causing the zero lower bound to bind can still
reduce the depth of the crisis. In this case, it is even better than not implementing any policy
at all.

A critical aspect of the analysis is that the trustworthy coordination between monetary and
fiscal policy authorities is crucial in determining the outcome of expectations regarding future
policies. It is important to highlight that I assumed agents to believe that both authorities can
commit to the announced policies, once the zero lower bound is no longer binding. I did not
discuss time consistency issues, but we understand that monetary and fiscal authorities may
not have the incentive to stick to stimulative policies once the crisis is over, especially under
such rare event which is not expected to occur in a considerable time horizon.

Another explicit limitation of the analysis presented is that it does not account for the effects
of these policies on debt dynamics. It would be interesting to relax the Ricardian equivalence
hypothesis and discuss how expected future fiscal policy adjustments, necessary to balance the
government budget constraint, would impact the crisis-state allocations.

Other avenues for future research should include investigating how much the results depend
on the structure of the model and the parameters adopted in the calibration, enriching the
discussion of other fiscal policy instruments and improving the probability structure of the
model to account for the possibility of the economy hitting the zero lower bound again in

future periods, besides allowing for a longer crisis spell.
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A Figures and Tables

Figure A.1: Shock and Interest Rate Coefficients as a Function of Probability b
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Note: This figure presents the behavior of the coefficients in response to the shock (r§) and to the
differential between long- and medium-run interest rates (¥ — i57) as a function of the probability

associated with the transitional state (b). These terms appear in equations (4.4)-(4.5) and (4.7)-(4.8).

Figure A.2: Output Multipliers
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Note: This figure presents the behavior of the coefficients that represent the responses of output to
the fiscal stimulus (G or ! ), in each state, according to Propositions 1 and 2, as a function of the

probability associated with the transtional state (b).
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Figure A.3: Inflation Multipliers
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to the fiscal stimulus (G or 71), in each state, according to Propositions 1 and 2, as a function of

0.4

b

0.6

0.8

2 Y
—========:::_—_——"
Or ]
______________ -
~N
2 \
\
__'Slw .G __'er GL
-4 7 L R ¢) 1
WMGM WLGL
-6 . . . .
0 0.2 0.4 0.6 0.8
b
15
1 —_ - | —_— 0 1 i
™ LT T
S M S L ,
T
05 llli
7
’/I
o—————————-===::,__;
’/
-0.5 ' ! ; :
0 0.2 0.4 0.6 0.8
b

the probability associated with the transtional state (b).
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B Proofs of Propositions

Proposition 1 Assume that the nominal interest rate zero lower bound is binding in the short
run (t € [To, Tezir)) and that the following conditions hold:

(C1) (1 —p)(A—pBp) —pro >0
(C2) (1—b)(1—Bb)—bro >0
(C3) ¢, + 5o, > 1

(C4) reg < —BgsGs — eréT{S‘ —0:(T—im)—Oa,,Gu — @T{VIT{W —0¢, G — @TiTi

If there is a transitional state generated by the monetary authority keeping the nominal inter-
est rate at iy =0, or at an optimally chosen level iy = i%,, after the crisis is over (Vt € [Tewit, Tir)),
solutions for output, inflation and the nominal interest rate in each state can be obtained back-

ward as follows:
(1) In the long run (Yt > Tyr), with ri =7, there is a locally unique bounded solution such that

YL = QYL,GLGL+QYL,T£T£ (41)
T = QﬂL’GLGL-i-QﬂL’TiTi (42)
ip = TH+o.mL+6,YL (4-5)

(13) There is a locally unique bounded medium-run solution (¥t € [Tepi, Tar)), with ri =, such
that

Y= Qvyin T—in) + QvyeuGu + QYM’T&T& + (4-4)
QYM,GLGL + QYMﬂ'iTi '
T = QWAl7iM (772']\4) + QWM,GMGM + QT"MW{L{TJIM + (4 5)
QW]W’GLGL + QTrMﬂ'iTi ‘
) 0
- { D (4-6)
[

(2ii) In the short run (Vt € [Ty, Tewit)), with v = 1§, there is a locally unique bounded solution,
such that

Ys = Qyererg + QveasGs  + Qy 175+
Qvgins T =)+ QveeuCGu + Qyu 07y + (4.7)
Qyyc,GL + QYS)TiTi
s = Qrgrer§ + QiesGs  + QWS’TéT{.; +
Qrging T—ia1)  + Qoo Gu + Qug oty + (4.8)
Qre.c.GL + QTFS,TiTi
is =0 (4.9)

where the analytical expressions for the coefficients ;, i € {Ys,ns,Yr,7m, Y, 71} and j €
{re¢ ine, Gs, 75, Gar, 78, G, 71} and O,k € {in, Gs, 75, G, 74, G, 71}, are defined in the Appendix
and depend on the structural parameters.

The proof of this proposition is divided into three parts. First, we discuss determinacy
of the solutions in each state. The second part is the derivation of analytical expressions for
output and inflation allocations in each state. The last part is the derivation of condition (C4)
that guarantees that the zero lower bound is binding in the short run.
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Proof. (Proposition 1 - Part I - Determinacy) The derivation of the conditions for
determinacy and existence of a solution in this model follows the generalization of the Taylor
principle, presented by Davig and Leeper (2007) for a New Keynesian model with regime
changes in monetary policy. The states in the economy are interpreted as different regimes,
and it is possible to construct a probability transition matrix from the probability structure
defined in the three-state economy setup presented in Section [3.2] One aspect that makes this
matrix simpler is the assumption that once the economy moves forward to the transitional
state, or to the long run, it does not go back to the previous states.

Here it is assumed that the first state (s; = 1) is the short run (crisis state), where the shock
hits the economy (r{ =rg) and the zero lower bound is binding (i; = 0). The second state
(st = 2) is the medium run (transitional state), where the shock is no longer active (r§ = 7),
but the monetary authority keeps the nominal interest rate at a fixed value (i = iys) for a few
periods. Finally, the third state (s; = 3) is the long run (r§ = 7), where the monetary policy

goes back to following the rule (3.3) (i3 =7 + ¢, m + ¢, V7).
The solutions are then defined by the set of equations formed, respectively, by the (I.5)
equation (3.1)), the aggregate supply relation (3.2) and the monetary policy rule (3.3).

Y;f = Etywl —0 (it - Et7Tt+1 - Tf) + (ét - Etét+1) (B-l)

I I‘Eﬁ + K/(ZJ (XI’%{ - Uﬁlét) + /BEtTt+1 (BQ)
0, s =1 (Short run)

iy = iv, St=2 (Medium run) (B.3)

T+ ¢.me + ¢th, st =3 (Long run)

According to the diagram in Figure (3.2)), we can set up the probability transition matrix:

P11 P12z P13 p (I—p)b (1—p)(1-0)
H=| pa p2 ps |=]0 b (1-0) (B.4)
P31 P32 P33 0 0 1

The state-contingent expectations for output and inflation are given by

EYi = E[Yilse =5, = pj1 B [Yie1 Q] + 9B [Yors1 |97 ] + pjs E [Yaria Q]
Eimier = Elmgalse = 5,97 = 0B [m141197°] + 02 E [m2041197°] + i3 E [m304119; 7]

where j € {1,2,3} and Q;° denotes agents’ information set at time ¢, not including the current
regime and Q; = Q,° U {s;}.
Expectations regarding government spending are given by:

EiGiy1 = E [Gepalse = 5,97°] = pj1G1 + pj2Ga + pj3Gs

All expectations in (B.1)) and (B.2)) are formed conditional on €.
The (IS) and (AS) equations can be written as:

(I1S;) Y= pjiEYigr +pjpEiYa1 +pi3EYsen + 0 (i1 Eymies1 + pjeEimarin + pjsEimair) +
(plel +pj2G2 +pj3G3) - Gj - O-ijt + O.T;t
(AS)) 7= BpjEimig + pjaEimara + pjsEimai) + kY + st (X715 —071G))
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Define state-contingent forecast errors for each state j:

s s
Miey1r = Tjt+1 — Eijepr = EyTjign = Tjepn — Mg

77}/25_5_1 = Yy —EYj = EYj = Y — 77};+1
and use them to eliminate the conditional expectations and rewrite (IS;) and (AS;) as:

(IS;) Y= pj1 (Yiesr —ler) +0j2 (Yorer — n3p41) + 253 (Yaerr — m341) +
o (pj1 (T1ee1 — NTpi1) + pjz (T2t — 05041) + Pj3 (Tae1 — 541)) +
(p1G1 + pj2G2 + pjsGs) — G — oije + o7,

(AS;) mje = Bpjr (141 — NTpp1) + Bpi2 (T2tr1 — 1341) + Bpjs (Taea1 — 05iq1) +
kYt + Ky (XITJI- —o7'Gy)

Hence, we can write the system of equations for each state, incorporating the monetary
policy stance into the (I.S) equation to get the aggregate demand relation. In the first state
(short run) we have:

(AD1) pi1Yies1 +pi2Yorr1 + p13Ysep1 + 0 (P1imies1 + Pramaes1 + PisTaer1) = Yt
(Primisr + Pr2n3es + P1snde) + 0 (Punfis + pianfes + piangig)
—org — [(p11 — 1) G1 + p12G2 + p13G3]

(ASI) B (P117T1t+1 + p12mor1 + p137T3t+1) =T — KY1+
B (P117771Tt+1 + p12n3i1 + p1377§t+1) — Ky (XIT{ - UﬁlGl)

In the second state (medium run) we have:

(AD32)  p21Yiesr + p2aYori1 + p2a3Ysip1 + 0 (Pa1ieg1 + Poori1 + Pasmaey1) = Yort
(p2177¥t+1 +1’2277%/t+1 +p2377§/t+1) +o (p217771rt+1 + P2275441 +P237I§t+1)
—o [T —iy] — [p21G1 + (P22 — 1) G2 + p23Gi]

(AS2) B (p2171e41 + P2aTori1 + P23Tais1) = Mo — kY o+
B (pa1nTis1 + poonBess + posnfis) — k¢ (X718 — 071Gs)

Finally, in the third state (long run) the system is given by:

(AD3) p31Yieq1 +p32Yorr1 + p33Ysip1 + 0 (P31T1e41 + P32Tost1 + P33Tae41) =
0b mse + (1+00,) Yar + (ps1nlyy1 + P32ndes1 + P33nigsr) +
0 (P31nTer + P32Biy1 + P3305e11) — [P31G1 + p32Ga + (ps3 — 1) Gs]
(AS3) B (p31Ties1 + P32Mor1 + P33T3e41) = T3¢ — KY34+
B (P3177§rt+1 + P327M541 +P3377§t+1) — Ky (XIT?{ - UﬁlGB)

The complete system can be expressed in matrix form

AXt+1 = BXt + A?’]t + Cet

T ]

~ - - - M

1t Mit+1 7

Y

Yiu Mie41 a

T2t N3t+1 ;

_ — t+ _ I

Xt = Y 7’]t = v €t = 7'1

2t N2¢+1 G

7, 2

T3t N3t+1 I

Y: Y 2

L Y3t | L M3¢+1 Gy
N

55



1 -k 0 O 0 0
0O 1 0 O 0 0
dtie | B0 ] E_|0 0 1 -k 0 0
o 1 0O 0 0 1 0 0
0 0 O 1 —K
Lo 0 0 0 o¢, (1+09,) |
0 0 0 mbo ! —wrpy! 0 0 0 0
—o 0 0 (1—p) 0 —(1=pd 0 —(1=pw)(1-0) 0
o= 0 0 0 0 0 Kot Ky’ 0 0
10 o o0 0 0 (1-1b) 0 —(1-1) 0
0 0 O 0 0 0 0 kpo! —rx!
L 0 0 O 0 0 0 0 0 0 ]
Since A is invertible, we can write the system as:
Xt+1 = A_lBXt + un + A_lCet
where
1 s (1-p) k(1 —p) 0 0
B B B Bu
B B B B
0 0 1 K _(1-b) k(1= b)
AR — Bb Bb Bb Bb
. . N B+ ko (1-B¢)o(1=b) (B(1+09,)+ro)(1-D)
sb b Bb 3b
1 K
0 0 0 0 - ——
B B
0 0 0 0 o (ﬁ¢§ -1) B(1+ ggy) + Ko

The rational-expectations solution is determined if and only if matrix A~'B has all its
eigenvalues outside the unit circle. Since this matrix is block lower triangular, its eigenvalues
are those defined by the block matrices in the diagonal.

1 K 1 K 1 _k
_| Bu  Bu _| B B _ g g
4= o BH+ko 22 = o B+ko %= o(Be, — 1) B(1+g¢y)+mj

CBu Pu S Bb b 3 3

Hence, we can use the result from Proposition C.1 in [Woodford (2003) (Pgs. 670-71) to
verify the determinacy conditions. This proposition states that the eigenvalues of a 2 x 2 matrix
Z are outside the unit circle if and only if one of the following two cases are satisfied:

Case I (a)det(Z) > 1 and (b)det (Z) —tr(Z) > —1 and (c¢)det (Z) +tr (Z) > —1;
Case IL: (d)det (Z) —tr(Z) < —1 and (e)det (Z) +tr(Z) < —1

So, I verify the conditions under which one of these cases are satisfied for each matrix Z;,
reminding that all parameters (3,x, 0, i1, b, ¢, ¢,) are positive. Starting with Z;:

1 ko\ 1 1

Both conditions in Case II are clearly not satisfied since all parameters are positive. So I
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check conditions in Case I:

(a)det (Z1) = — > 1

Bp?
(b) det (Z,) —tr (Z1) > —1

1 1 1 ko
det (Z1) —tr(Z1) = ,5727@7;7@>7
ﬂuzfufﬁufuna+1>0
Bu? —Bu+1—p—pko >0
—1=wpu+1—p—puko>0
](1-@ (1—Bp) — pro >0 (Condition (C1))

Ll

(c)det (Zy) +tr (Z1) > —1

gt L1 + B~ (1+ ko)

det (Z1) +tr (Z1) = — . > -1

112

Thus, matrix Z; has both eigenvalues with modulus |A| > 1, if|Condition (C'1) holds. Matrix
Z5 is analogous to Z;. We just need to switch p for b to get that its eigenvalues are outside the
unit circle if the following condition holds:

[(1—b) (1= Bb) — bro > 0| (Condition (C2))

For matrix Z; we have:

1+ pBog, + ko +
B

o(¢y+/@¢ﬂ) +1
B

Again, since all parameters are positive, the conditions in Case II are clearly not satisfied.

tr(Z3) =

det (Zg) =

So I verify the conditions in Case I:

1+0 (¢, + Koy)

(a) det (Zg) = ﬁ > 1
(b) det (Zs) — tr (Z3) > —1
det (Z3) — tr (Zs) = 1+ 0 (¢, + rdy,) —ﬂl ~ oo, ~ro =
= 0k¢,+ 0, — Pod, — ko — >
= JK¢W+(1—/BO')¢y_HO->O
= | ot (1 ; B) ¢, > 1 (Condition (C3))

which holds since we assume ¢, > 1 and ¢, > 0.

(c)det (Z3) +tr (Z3) > —1

2+0 (¢, +Ko,) + Pog, + ko + N

det (Z3) +tr (Z3) = 5

-1

I should point out that [Condition (C'1)|is necessary for the short-run solution to be defined

and it does not depend on the fiscal measures taken. However, if the fiscal policy implemented
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during the crisis state is expected to be permanent or expected to last for a few periods after
the crisis is over, while the monetary policy is expected to go back to the rule right after the

zero lower bound is no longer binding, than we need |Condition (C'3)|to be satisfied as well. In

the case that the transitional state is generated by the monetary authority keeping the nominal
interest rate fixed for a few periods after the crisis is over (independently if the fiscal stimulus

is also maintained or not), (Condition (C2)| also needs to be satisfied to guarantee that the

solution is determinate. m

Proof. (Proposition 1 - Part II - Output and Inflation Allocations in Each State)
All solutions in this model are obtained by solving the system formed by the (IS) and the
aggregate demand equations, besides the specifications for monetary and fiscal policies in each
state.

(IS) Vi = EYy1—o(iv— B —15) + (ét — EthH) (B.5)

(AS) Tt

K/fft + /i'l/) (Xl’f't] - U_lét) + ﬁEtﬂ't+1 (BG)

Given the expectations terms in these equations, to obtain the allocations in each state, it is
necessary to solve for them backward. One should first compute long-run output and inflation,
then use them to get the medium-run allocations and, finally, use both of them to obtain output
and inflation in the short run[

Long-Run Solution Allocations

I assume that, in the long run, the shock that hits the economy during the crisis state has
already faded away (r; = 7,V¢ > T)) and the zero lower bound is no longer binding. If the fiscal
measure implemented during the crisis is permanent, the economy will deviate from the steady
state in the long run, with the new allocation (7, # 0,Yy # 0) lasting forever. This implies that

the expectation terms in (B.5]) and (B.6]) will be given by E;Y; 1 = Y7, and Eymq = 7p, Yt > Tiy.

Assuming that the monetary authority follows rule (3.3]), the long-run aggregate demand is

given by:
Y, = YLfo'(?+¢.,r7TL+¢yYL77TL77) +GL -G
0 = —o¢,mL— J¢yYL + oy,
-1
YL = —Lﬂ Ty, (B7)
Py

While the aggregate supply is given by:

e —— HYL+/€’IZJ(XIT£*O'71GL)+B7TL

B K K
e G R T

40Given the linearity of the model, in the derivation of the solution allocations we assume that both fiscal
instruments are used to obtain the full expressions for output and inflation. To discuss the impact of each
instrument in Section @ we shut down the other according to the policy that we want to analyze.

(XITi — aflGL) (B.8)
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Substituting the expression for the aggregate demand into the aggregate supply:

_ (¢7r B 1) K K)’l/) —
S0 e, Ao X G
H(gﬁﬂ" — 1) _ KJQ]ZJ _

(1 i <1—ﬂ>¢y> "= gy (e G)
T = Wy (XITi — U_lG'L)

Substituting back into the aggregate demand:

(¢7T — 1) K}’l/)

Y= 06, (6, — Dn

(UﬁlGL — XITi)

Defining I'y = (1 - 8) ¢, + (¢, — 1) s, the long-run solutions can be summarized as follows:

Y, = QYL,GLGL +QYL,T£7—£ (Bg)
_ (¢7r — 1) K:wo-il _ (¢7r — 1) ’W/)XI
where Qy, ¢, = F—¢> and QYL’TIL = _F—¢'
WL:QTFL,GLGL_I'QWL,TiTi (BIO)
_ Gyrgpo! _ SRy’
Whel‘e Qﬂ'LgGL = _yT aIld Q‘ITL,T£ = yT.

Note that I assume the fiscal stimulus to be permanent to derive the analytical solutions for
long-run output and inflation as a function of long-run government spending (G) and taxes
(71). However, if the stimulus is expected to be temporary, it is straightforward to set G =0
and 71 = 0 to obtain 7, = Y, = 0.

Medium-Run Solution Allocations (Transitional State)

The transitional-state allocations (w7, Yy) will also be obtained by solving the system
formed by (I.5) and aggregate supply equations, given monetary and fiscal policies. But first it
is necessary to get the expectations regarding future values of inflation, output and government
spending that enter into these equations. Recall that once the economy enters the medium run
(t € [Tewit,Tar) and b # 0), in each following period there is probability b that it stays there,
while with probability (1 — b) it goes to the long-run allocation (7, Y7, Gr). Thus, expectations
in the transitional state are given by:

EYy1 = bWu+(1-0)Yg
Eymiyn = b7TM+(1—b)7TL
EGy1 = bGy+(1-0)Gy

Once the economy exits the crisis and the zero lower bound is no longer binding, the
monetary authority can keep stimulating it by holding the nominal interest rate at zero for
a few periods (ips = 0) or it can choose the optimal value (ip; =4%,) for the nominal interest
rate to minimize the welfare losses implied by its policy. Hence i, is kept in the aggregate
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demand equation to derive the medium-run solution as a function of it.
zero or i},, according to the hypothesis made.

It can later be set to

Using the expectations obtained above, with the value for the nominal interest rate, the

aggregate demand equation becomes:

Yy = YL—‘,-(lo-b)(T—iM)—l—(lo-bb)ﬂM—O'ﬂL-i-GM—GL
Yy = bYMﬁ’(l*b)YL70(’L1M7(bTFM‘F(l*b)T(L)7F)+(GM*(bGM+(1*b)GL))
Yy = (1ib)(TiM)+(1Z)_O—I))7TM+YL+U7TL+GMGL (Bll)
while the aggregate supply is given by
T = KYM+H1[J(XIT&70'71GM)+ﬂ(b7TM+(1*b)7TL)
TV = Y v+ s (x'mh, —otaG )—l—ﬁ(l_b)ﬂ (B.12)
YOO e M - T M a—en '
Substituting (B.11]) into (B.12):
T = (1jﬂb){(1ib)(riM)Jr(lb_Ub)ﬂMJrYLerrLJrGMGL}+
kY I_I -1 B0
R L R (o A
RO — . —
- (1-b) H(T—W)Jr(l—w Y kG 4 woX T+ (B.13)
(1= 5b) (1 = b) = bro k(YL —Gr)+[B(1=0b)+ ko]
Substitute back into (B.11):
Yu = (lib)(F—iM)+GM+YL+U7TL—GL+
bo % T —in) + sox 7t + (1 — o) kGu+
(1=6b) (L =b) =bro | xy; +[B(1—b) + kol 7L — KGL
Voo 1 (1= Bb)o (F—in) + [(1 = Bb) (1 = b) — beap] Gy + bropx 74+ (B.14)
M I=Bb)(1—b)—bko | (1—8b)(1—b)(Yy —GyL)+(1—bony '

Given that we got the long-run allocations (Y7, 7) in equations and (B.10]), we can
already use equations (B.13) and ([B.14) to obtain the transitional-state solutions. However,
I want to expresses them in terms of the fiscal instruments used in each state. So I define

[po = (1 — Bb) (1 — b) — bro and plug the long-run conditions and (B.10) into the medium-

run output equation (B.14)):

Yy = % {(1 —Bb)o (T —in) + [(1—Bb) (1 —b) — brep] Gpr + bﬁO’iﬁXITﬂ/[} N
Yy = Fi (1=pb)o (T —in)+[(1—Bb) (l_b)_bm/}]GM‘Fb/fU%/JXITﬂ/I}—F
bo
- (1) | (1= 66) Qy, ot + 0, 1
(lrb b) [(1=5b)(Q,.c, —1)+0Q, ¢, ]GL + { FbY } I
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which can be summarized as:

Yu = Qvyin r—in) + OvieuGu + QYM,T{W 7—5\/1 + (B.15)

I
QYM,GL GL + QYM,Ti TL

where y, ,, = 12007 o _[0=80)(1-0) - bey]
Loy Ty
broy! 1-0)[(1-08b) (Qy,c, — 1)+, .,
QYMJ-{V[ = I‘;/}X » Qvyer = ( ) Bb) ( }r/‘b’G ) Gl and

(1= 0) [(1= BY) Oy, rp + 00, ]
QYM,TL = T, .

Analogously, plugging the long-run relations (B.9) and (B.10) into the medium-run inflation

equation (B.13):

1-b(1—yo Yk 1-0 1
SOV P U L2e W ) L2 S Y
Tpo I'yo Tyo
1-b
( - ) {K [QYDGLGL n QYLdTﬂ +[B(1 - b) + ko] [QmGLGL v wairﬂ - IQGL}
1-b)(1—vo )k 1—-0 I
Ty = ’LU(F_Z'M%L( ) (1= o) GMJFMT&JF
1_\ba' Fbo’ Fbo

(1= 0) [5Qy, .y + (81— b)+ k0] 0, 1]

(1 - b) [HQYL,GL + [6 (1 - b) + KJO—} Q7'A'L,GL - 'lﬂ I

Iy Gr+ T TL
which can be summarized as:
™ = QTFM-,iM (F - ZM) + Q7TM,GM GJV[ + Qﬂ'M,T{u T]ﬂ/[ + (B16)
QWM,GLGL + Qﬂ'M,TILTL
Ko (1-b)(1—vo )k (1 —b) kabx!
Where Qﬂ']\l;ijw = E, Qﬂ'M7GM = I‘bg 5 Q7T1M7T§W = T’
(1=0)[r (v, =D +[BA =)+ k0| Q) 6]
Qe Gr = LoL o L2kl and
, _a-» Ky, g +18(1 =) + o) @, 1|
ML Ty ’

Short-Run Solution Allocations (Crisis State)

The last step is to solve for the short-run allocations (7rg,Ys) that characterize the crisis
state. First, it is necessary to obtain expectations regarding future values of inflation, output
and government spending that enter into the aggregate demand and supply equations. Recall
that once the economy enters the crisis state at ¢ = Tj, in each following period, there is a
probability p that it stays there, while with probability (1 — u) b it goes to the transitional state
(mar, Yar, Gar) and with probability (1 — u) (1 — b) it goes straight to the long-run (7, Y7, Gpr).
Thus expectations are given by:
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EYin = wYs+(1—p)bYar+(1—p) (1-0) Y
By = prs+(L—p)bry + (1 —p)(1-b)my
EGin = pGs+ (1—p)bGar+ (1 —p)(1—b) Gy

The crisis state is characterized by a shock (rf = r§) that makes the zero lower bound binding
for the nominal interest rate (is = 0). So the aggregate demand equation becomes:

Ys = p¥s+(1—w)bVar+(1—p)(1-b)Yy — 0 (0~ (ums + (1 — p)bmag + (1 —p) (1 —b)wp) — %) +
Gs— (pGs+ (1 = p)bGry + (1 —p) (1 = b)GLr)
Vs = (1iﬂ)r§+(1/iau)7rs+bYM+ba7rM+(1—b)YL+(1—b)mrL—i—Gs—bGM—(l—b)GL (B.17)

while the aggregate supply is given by:

s = kKYg+ kY (XITé —U_le) +Burs+ L1 —pwbry+8(1—p)(1—=0)ng

o« o BU-pb AW -b)
T YS+(1—BM) =B ™" a-—pwy "

(x't5 — o7 'Gs) + (B.18)

(1= p5p)
Substituting (B.17)) into (5B.18)):

o no
rS + s + bYy + bom o+
mg = —— L (- A=Y N +
Q=B | @-b)Y,+(1—b)ors +Gs—bGa — (1 —b) Gy,

K 6(1—u)b7r Jrﬁ(l—u)(l—b)7r
(1 Bu) L—Bu M Q-pu) F

(XITé — U_le) +

1 kor§ + (1= p) (1= 9o™!) kGs + (1 — p) sox' 75+
(1—Bp) (1 — p) — pko I—pwrbYamr—Gu)+ (1 —=0b) (Y, —Gp)]+ (B.19)

[B(L—p)+ ko] (1—p)brar + (1 —0) 7]
Substitute back into :

Yo = (1iM)7’§'+Gs+b(YM—GM)+(1_b)(YL_GL)+U[b7TM+(1_b)7TL]+

uo 1
(L=p) (1= Bp) (L= p) — pro

TS =

koré + (1 — p) soxtrh + (1 — p) (1 - q/;g*l) kGs+
(L—p) kb (Yar —Gu)+ (1 —b) (Yo — Gp)|+
[B(L =)+ kol (1 —p)brar + (1 —b) 7]

. (1= Bp)org + (1 = Bp) (1 — p) — pay)] Gs + propx 75+
Vg = — — (1=Bp) (A =p) [b(Ym —Gumr) + (1 =b) (Y — Gr)] + (B.20)
U= = | (1 o by + (1= b))
Again, since we already solved for the medium and long-run allocations (Y, was, Yz, 71),

we can use them in equations (B.19)) and (B.20)) to obtain the short-run solutions. But I want
to express these relations in terms of the fiscal and monetary instruments used in each state.

Thus, defining I'),v = (1 — Bu) (1 — p) — pko and plugging the long- and medium-run relations
(B.9), (B.10), (B.15) and (B.16)), into the crisis state output equation ({B.20]) , we obtain:
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Vs = o {(1- B ovs + (- Bm) (L ) - ] Gs + o' vk} +
uo

QMiM T —1 + QM MG + Q o I—‘r
(1= Bu) (1= p) b( Tine (7200 Dvion Crrt vy, The ]—GM>+ .

1
QYM,GL Gr+ QYM,Ti TL

Fp,a I
(1-10) (QYL,GLGL + QYLﬂ'iTL — GL)
(1 B ) b QWM7i1vI (F - Z1\/[) + Q""AI7GA1GM+ QTrM,‘rfngw—i_
# Q‘ITAI7GL Gr+ QTI’]u,TiTi
ol (1 - b) (QFL,GLGL + QﬂL,T£T£>
1- 1- 1—p)— I
ye = | Fﬂu) et [(1—Bp) (F ) — prap] s+ uﬁgwx Ly
no no no
(1 — N) b [(1 — B,UJ)FQYMJ’M + UQ‘ITMJM] (? _ ZM) +
uo
(I—pb
T [(1 - BM) (QYM,GM - 1) + UQW}VLGIVI] Gu +
no
(L—p)b
T [(1 = Br) Qyy, o1, + UQwM,T{W} T+

(1 - M) (1 - ﬁﬂ) [bQYM,GL + (1 - b) (QYL7GL - 1)] + G, +
o [bQﬂ'M,GL + (1 - b) Qﬂ'L,GL] g

(=) [ =80 [0y, oy + (=0, ]+ |
TL
o I:bQ’TI'A{,Ti + (1 - b) QWL,T£:|

which is summarized as:

I
Yo = Qygrers + QviesGs  + Qy 17y +
T ; I
QYS7iAl (T - ZM) + QYS7G]MGM + QYS,TfuTM +
I
QYs,GL GL + QYS,TiTL

(B.21)

_(1-pp)o (1= Bp) (1 = p) — psy] 0y i = proy!

Wherer e =t Qy. g = I
5, F,ua ) 5,Gs F;m TE F/w

)

1—u)b
= Q [(1 - /Blu) QYM,iM + UQTrM,iM]’
1—pu)b
= Q [(1 - BM) (QYM,GM - 1) + UQﬂM,GAI]ﬂ

— )b
N [(1 - ﬂ,u) QYM,T{W + O'Qﬂ'M,'r{VI 3

o

(A—p) ) (=B by e + (1 =) (e, — D]+
{ o0+ (1=0)Qrp ] } and

_(-p ) A=5n [beM,Ti +(1-b) QYNi] +
o {bﬂmmi (-0, } '

Finally, plugging the long- and medium-run relations (5B.9)), (5.10), (B.15]) and (5.16), into
the crisis-state inflation equation (B.19)), we get:
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1
TS = T {ror§+ (1 —p) (L =40 ') kGs + (1 — p) kx5 }
no

(1= p1)bs <
e

1-— 1-0
—( 'u>( )Kl(QYhGLGL-‘rQYLTITi—GL)‘F
| R L

BQA—p)+ro](1—p)b
T,

- o] (1— —b
Ul U000 (o 6, vn, 4r)

. Y — g I
QYMﬂM (T ZM) + QYM»GJVI Gu+ QYA{;TilTj\f—’_

I

Vo Gt Oy, il

—GM>+

F—im)+ Qry.ouGut 17M+

TM T pp

I
Q'er,GLGL+ Q ot TL

Q

M St M (

ko, (A-p) (g s (1—p) wibx! 4
TS = Fi/w'f's + F,J/o' Gs + F;LO’ Ts t+
(L—p)b

F;w
(L—pb

FHU
(L—p)b

FMU
(1 - /1') K [bQYM,GL + (1 - b) (QYL7GL - 1)] + G

r [ﬂ (1 - /J‘) + KO—] [bQWI\/hGL + (1 - b) QWL7GL}

o [ 00 ,
81— p)+r0] [0, oy +(1-0)2, 1] [

[HQYM,iM =+ [5 (1 - ,LL) + HO—] Q‘ITM,I'M] (F - iﬂf) +
[K’ (QYM,GM - 1) + [6 (1 - :u) + HU] Q7\'1M7GI\4] Gu +

|:H’QYM,T‘1,WT5W + [6 (1 - M) + ’%U] erM,TfM:| 7—5\/1 +

no

which can be summarized as:

TS = Qﬂ-swg’l‘g + Qﬂ's,GsGS + Q ITS +
Qﬂ'Sin\l r—im) + Qﬂ'&GMGM + Q T4 TJIM + (B.22)
Qrs.c.GL + Q I’TL

_ ko _ - -yo )k _( ) kox!
Where QT"S;"“% = m'f“g«, Q7"S7GS = F#O_ s Qﬂ'Sﬂ'{g = T,
_(d—pb
Q7"571'M = T [’{QYM,Z'M + [ﬂ (1 - :u‘) + HO'] Q‘ITM,Z'M}?
no
(L—p)b
QTI’S,GM = T [’{ (QYM7GM - 1) + [B (1 - :u) + HO’] QTI’M,GML
no
(L—p)b
Trs,vaI = T [KQYM,T{WT@[ + [6 (1 - M) + K’U] QTrM,wailﬁ

(1 — :U’) K [bQYM,GL + (1 - b) (QYL,GL - 1)] +
{ [B(1— ) + r0] Dy, Gy + (1 —5) Q] } and

=0 B (D g + (1= 0)Qy, 1y |+ ]
sl = T 80— 1)+ r0] [0, 1 + (1= 0)Q, ]

Proof. (Proposition 1 - Part III - ZLB is binding) To find out the condition under
which a shock r{ = r¢ makes the zero lower bound binding in the short run, we need to verify
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the combination of parameters and policy choices that would imply a negative nominal interest
rate during the crisis if the monetary authority uses rule (3.3). [Eggertsson| (2011b)) derives this
condition under the assumption that once the shock is no longer active (r{f = 7), the economy
goes back to the long-run (Yt =7 = O).

However, I want to obtain a general condition that accounts for the effects that future
expected policies have on short-run output and inflation. Hence I use the medium and long-run

solution allocations derived in Part II of this proof, where the Q's are defined.
It is then necessary to solve for the short-run allocations using the system formed by the
(I1S) and aggregate supply equations, together with the monetary policy rule:

(IS) Y, EYii1 — o (i — Eymeq —18) + (ét — Etét+1>
(AS) m = kY, + K1 (XI%{ — U_lét> + BBy
(MP) i, = max {07 re 4 b my + qsyift}

given the expectations regarding future values of inflation, output and government spending:

EYin = pYs+(1—p)bVy+(1—p)(1-b)Ys
Etﬂt+1 = /,L7TS’+(1—/,L)b7TM+(1_M) (1—b)7TL
Etét+1 = ,uGS—l—(l—,u) bGM—F(l—M) (l—b) GL

Substituting these expectations and the monetary policy rule into the (IS) equation, we
obtain the aggregate demand relation:

Yo = pYs+(1—p)bYy+ (1 —p)(1—=bY, -0 (r$+¢,ms+9,Ys) +
o(prs + (1 —p)brpy + (1 —p) (1—=>b)mwr) +org +Gs
—(pGs + (L= p)bGr + (1 —p) (1 = b)Gr)

Yo = (6r — 1) (Il-m 4 (1—pu)b

T T Twre0) " T ntee) st o0,)

(Y —Gumr) +

(I—p)bo (L—p)(1-0) (I-p(-b)o
Y, -G
e A TR R (SR
Doing the same for the aggregate supply equation:
s = kKYs+ Ky (XITé - U_le) +B(prs+ (1 —p)brar + (1 —p) (1 —0)7yL)

’ _H,BM) Ys + i T/’BM) (XITg — gflas) +

BA-pb_ +B(1*u)(1*b)ﬂ
1—pu ™ (1—Bpu) t

s

Substituting the aggregate demand into the aggregate supply we obtain an expression for
the short-run inflation:

(Pr — 1) (1—p)
(L -nr0) ST ) ):*
K — [ — p)bo
ST U= B (1(1u+)f(f1¢y)b()YM_GM”<(11ujdw 2) L
_/1' — —p, — g
(=ntas) O G, ™
K I_TI —1 5(1_,“)5 ﬁ(l_ﬂ)(l_b)
A= gy X5 =0 Gs) - g Tt T gy
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(L—p) (L—9o™!) =¥ (L-p+od,)w

T = T kGg + o X Tg+ (B.23)
(1;‘;)” [b(Yar — Gar) + (1= b) (Y, — G)] +
(1-p) [B(A—p+o00,)+ ko]

T [brar + (1= b)mp]
2

where 'y = (1 - Bp) (1 — p+ a¢>y) + (¢, — p) ko

Plugging back into the aggregate demand equation we obtain an expression for the short-run
output:

_ — o 1) — — o K
(1—p)(1 FZ ) =6, o, O N;W%) Uil
Vs = — (1 ((b;;i;y) 7 (1 1::;) : [biYM —Gu)+ (1 =0) (Yo -G+ +
(- [B( F:)Jr 79y) + 1] [brar + (1 —b) 7]
(1—p) (1—p)
(]__M—_’WGS m[b(Y]y[—GM)"‘(l_b) (YL_GL)]+
ot oy b+ Q=0
yve = UZmA=8n)+ @ wrbln (Gn—prov 15 (B.24)
F;L¢ FM¢
w b(Yar —Gu) +(1=0) (YL —Gr)] +
ue
(1 - ﬁ¢7r) (1 B :U’) o [bﬂ'M 4 (1 _ b) ﬂ'L}
Fw

Plugging both short-run output and inflation into monetary policy rule (3.3)) , we have that
the implied nominal interest rate is given by:

N (1—p) (L =do ) grr+[(1—p) (1= Bu) — pry] ¢

is = ’I"gv T , yGS + (B25)
4= “)l?ﬂ; LA R St W”’}T =09y s — Gar) 4 (1 0) (e - Gl +
(1—p) [¢y0 + (1? (: — ) + ko) ¢7r} brar + (1 —b) 7y

Substituting the expressions for output and inflation in the medium and long runs derived in
Part II of this proof (equations (B.9), (B.10)), (B.15)) and (B.16))), we obtain that the nominal
interest rate implied by the monetary policy rule is negative, and the zero lower bound is

binding, if the shock respects the following condition:

rg < =g Gs — @rgT{S' —0;(T—im) —Oa,, Gu — @Tleg/I —0O¢, G — @TiTi (Condition (C4))

where the coefficients are given by

(1—p) (M=o ) dur+ [(1 = p) (1 — Bu) — pry] @,
FW

Ocy

b
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_ (1—p) ¢7T+:u‘¢y0— I _(1=pbd I:(b‘n'"{’—"_ (1—-Bu) o ] Qyirint
0. = , O = Y )
Ts FM¢ dJX Fuqﬁ { [(byU + (6 (1 - M) + "{J) ¢7T:| Qﬂ'M,iM
Ou, = (1 — /.L) b [(stﬂ + (1 - ﬁﬂ) ¢y:| (QYM,GM - 1) +
M F#‘i) [¢ya + (5 (1 - p’) + HU) ¢7r] QTFM,GM ’
0., = (].—,U,)b |:¢7TK:+(1 _ﬂ:u’) ¢y] QYM7T§W+
= T | [0t (B ) +r0)6,] Dt |
(1 — :U“) [¢71-"€ + (1 - B:U') ¢ ] [bQYZ\/hGL + (1 - b) (QYL,GL - 1)] +
Oqg, = 4 d
cr F,u¢ { [(byd + (6 (1 - “) + HU) ¢71'] [bQ‘n'M,GL + (1 - b) QTK'L,GL] } o
@ (1 — ,U,) |:¢7TH + (]— - ﬁ/j’) ¢y] [bQYM,TIL + (1 - b) QYL TI:| + -
T Tue | 8,0+ (BO= )+ k0) 6] [y mr + (1 =0) 20, |

Proposition 2 Assume that the nominal interest rate zero lower bound is binding in the short

run (t € [To, Terit))and that the following conditions hold:

(€1)  (1—=p)(A—=pPp)—pso>0

(C2) (1-5b)(1—pb)—broc>0

©) o+, 51

(04/) Tgv < *@GSGS *@TISTS @gMGM oT y TM

If there is a transitional state generated by the fiscal authority keeping the stimulus provided
i the short run for a few periods after the crisis is over (Vt € [T..it, Tar)), while monetary policy
returns to rule as soon as r¢ returns to ¥, the solutions in each state can be obtained
backward as follows:

(7) In the long run, there is a locally unique bounded solution (vt > Tyr), with r¢ = 7, such
that i, =7 and Y, =m; =0.

(i3) There is a locally unique bounded medium-run solution (Vt € [Toyit, Tar)), with r¢ =7, such
that

i = 0,0,CGu+ 9, o T (4.10)
Tr,}\} = QTFM GMGM + QZ:M L, T{VI (411)
Z}\Z = T+¢7r7r]\l+¢yYM (4.12)

(13) In the short run (V¢ € [To, Texit)), with r§ =rg, there is a locally unique bounded solution,

such that
Ve = Qverere + QyvoesGs  + QYSTISTé * (4.13)
QxTvs,GMGM + Qij;s T Th
5= Qrorsr§ + QrsaslGs 4 Qs F (4.14)
QTTrs,GMGM + st,rfwﬁw
e o (4.15)

where the analytical expressions for the coefficients Q; ;, i € {Ys,7s} and j € {r&, Gs, 75}, and Oy,
k€ {Gs,75}, are the same as those defined in Proposition . The expressions for the coefficients
Qr . me{Ys,ms,Yar,mu} and n € {Gar, 74}, and ©F, k € {Gun, 74}, are defined in the Appendix

and depend on the structural parameters.
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The proof of this proposition follows the same procedure adopted for Proposition [1 It is
divided into three parts. The first part discusses solutions’ determinacy in each state. The
second part derives the allocations for output and inflation in each state. Finally, the third
part derives the condition under which the zero lower bound is binding in the short run.

Proof. (Proposition 2 - Part I - Determinacy) The derivation of the conditions for deter-
minacy and existence of a solution in this model is analogous to that presented in Proposition
1. We will have the crisis state (s; = 1), where the shock hits the economy (r{ = r%) and the zero
lower bound is binding (i; = 0), and the transitional state (s; = 2), where the shock is no longer
active (r§ = 7), but the fiscal authority keeps the stimulus implemented during the crisis, while
monetary policy goes back to following the rule (i =7 + ¢, 72 + ¢,Y2). In the long run (s; = 3),
fiscal instruments return to their steady states (Gt =+l =0,vt > TM) implying Y;, = 77 = 0,
which simplifies the derivations.

The solutions is then defined by the set of equations formed, respectively, by the (I.5)

equation (3.1)), the aggregate supply relation (3.2)) and the monetary policy rule ((3.3):

)A/t = Eti/t-ﬂ—l — 0 (’Lt — Eﬂrt+1 — Tf) + (Gt — Etét+1) (B26)

T = KY;+ K (XI?,;’ — U_lét> + BEymiiq (B.27)
0, s;=1(Short run)

iy = T+ ¢.m2+ ¢, Y, s¢=2 (Medium run) (B.28)

7, st =3 (Long run)

The probability transition matrix is the same as in (B.4]):

P11 P12 P13 p (I—=p)b (1—p)(1-0)
II=| pn p2 pa | =] 0 b (1-10) (B.29)
P31 P32 P33 0 0 1

The state-contingent expectations with respect to output and inflation are given by:

EYy = E Yirilse = 5,9°] = pj1 B [Yier 1197 °] 4 pjoE [Yar1 Q]
Eimiyr = Elmgalse = 5,97°] = pa B 710411977 + pjo B [m2041]97°]

Expectations regarding government spending are given by:
Etét-',-l =F [Gt+1|5t = j, Qt_sjl = plel +pj2G2
The (1S5) and (AS) equations can be written as:
(IS;) Y= pj1EYier1 +pjoEYori1 + 0 (pj1 Eemies1 + pjoEimoria) +
(plel +pj2G2) — Gj — O"ijt + O—chit
(ASj) 7je = BpjrEmipr +pjpBimai) + kY + k¢ (X' 7] —071Gj)

where we already used F;Y3;11 = Eymsr1 = 0.Define state-contingent forecast errors for each
state j:

e _ . T
M1 = Tj+1 — EyTjipr = Eyjin = Tjepn — Mg

Y o _ Y
Mir1 = Yj+1 — EtYjern = EvYje = Yjern — i
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and use them to eliminate the conditional expectations and rewrite (15;) and (AS;) as:

U5 Yae= pa (YMH 3 n%/t“) P2 (YQtH o 77%/16+1) to (le (7T1t+1 - 7771Tt+1) + Dj2 (7T2t+1 - 7772Tt+1)) +
(plel +pj2G2) — Gj — ot + O’T?t
(AS;) mje =" Bpj1 (Trer = NTp41) + Bpjz (T2ei1 = 0Byq1) + 6Yje + k¢ (X 7] — 071 Gy)

Hence, we can write the system of equations (B.26]) — (B.28) for each state, incorporating
the monetary policy stance into the (1.5) equation to get the aggregate demand relation. In the
first state (short run) we have:

(AD1)  p11Yiep1 + pr2Yars1 + 0 (primieg1 + pramaer1) = Yie + (p1inleps + pramegq) +
o (puinTer + P12m541) — 07 — (P11 — 1) G1 + p12Go]
(AS1) B (puiTies1 + pramas1) = T — KY1e + B (p1unfyyy + p12nfy1) — 60 (X 7] — 071Gh)

In the second state (medium run) we have:

(AD3)  pa1Yiep1 + pa2Yaorpr + 0 (P211es1 + Poaars1) = 0¢,mo + (1 + 09, ) Yor+
(P21 y 1 + P22 1) + 0 (P20 g1 + P223y1) — [P21G1 + (pa2 — 1) Go
(AS2) B (p21Ties1 + p2oaig1) = Top — kY2 + B (P210Teq + P22nBiy1) — 69 (X 75 — 07 1G2)

The complete system can be expressed in matrix form

AXt+1 = BXt + A?’]t + Cet

T Ts
Tt Mit4+1
Y; Y G
X = 1 Ny = n}frl ey = T{
T2t M2t+1
Y; Y Gz
2t M2t41 Tg
1 -k 0 0
PR SO D s_|0 1 o0 0
0 b o 1 0 0 1 —K
0 0 o¢, (1 + U¢y)
0 wYo ! —kyy! 0 0
| d=p 0  —QQ-pb 0
C = —1 I
0 0 0 Ko —KYX
0 0 0 (1-1b) 0
Since A is invertible, we can write the system as:
Xt+1 = AilBXt + un + Ailcet
where i .
1 K (1-p) (1-pr
Bu Bu Bu B
o BHro o(l-pw)(1-Bé,) (L—p)[B(L+00,)+ k]
Alg—| B Bu B Bu
1 K
vl o B
L Bb Bb i

Again, we can check if the eigenvalues of matrix A=!B are outside the unit circle by analyzing
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the eigenvalues of the block matrices Z; in the diagonal.

1 K 1 K

7 = | Bh B 7. = Bb Bb
T o B+ro 27| (Bo,—1) B(1+09,) +ro

Bu  Bp b Ab

Matrix Z; is the same from the proof of Part I of Proposition 1. Thus we need Condition (C1)
to hold to the short-run solution to be determinate. We can then use the result in Proposition
C.1 from Woodford (2003) to verify the determinacy conditions for matrix Z,, reminding that
all parameters (3,5, 0, i, b, ¢, ¢,) are positive. For matrix Z, we have:

1+ 8(1+0¢,) + ko L+o0 (¢, + ko,)
b b2

Since all parameters are positive, the conditions in Case II of Woodford’s proposition are

tr (ZQ) =

det (Zg) =

not satisfied. So I verify the conditions in Case I:

1+o (¢y + /@qbﬁ)
pu?

(b) det (Z2) — tr (Zo) > —1

(a)det (Z3) = >1

1—|—a(¢y+m/§w) 1—|—,3(1—|—0¢y)+/10
b2 B b
= [(1—=b)(1—pb) —bro]+ [(1—pb)od, + kod,] >0

det (Zy) —tr (Zs) =

The first term in this expression is the one from Condition (C2) which imposes it should be
bigger than zero. The second part is similar to Condition (C3), but not the same. But given
that ¢, > 1 and ¢, > 0, K > 0, 3 € [0,1] and b € [0,1], we have that the second term is also
positive. In fact, it is easy to see that |Condition (C'3)| guarantees (1 — b) ¢, + ko¢,| > 0.
Thus, if Conditions (C2) and (C3) hold, then [det (Z2) — tr (Z2) > —1].

(c)det (Zs) +tr (Z3) > —1

det (Z3) + tr (Z3) = b+ (14 8b) (1 +6c;by) (bt )Ro

Hence, the conditions for Case I are satisfied for matrix Z; and we need Conditions (C1) —

(C3) to hold to guarantee that the solution is determinate. m

Proof. (Proposition 2 - Part IT - Output and Inflation Allocations in Each State)
Again we need to obtain solutions for output and inflation in each state, working backward from
the long-run to the short-run allocations. As was done in Part IT of the proof of Proposition 1,
we need to solve the system formed by the (15) and aggregate supply equations, together with
the specifications for monetary and fiscal policies in each state.

Since I am assuming that the fiscal stimulus is temporary, the long-run solution is given by

Y, = 71 = 0. So we only need to solve for the short-run and medium-run allocations.

Medium-Run Solution Allocations (Transitional State)

Given that the monetary authority follows the rule (3.3) in the transitional state, and
the zero lower bound is no longer binding, the medium-run nominal interest rate is given by
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T g

=T+ ¢ my; + ¢, Y}, where (Y[}, n};) represent output and inflation in the transitional state
under this rule. Expectations in the medium run are given by

i

EYiin = bYL4+(1—b)x0=0bY
Et77t+1 bﬂﬂ—l—(l—b)xO:bﬂﬂ
Etét+1 =

bGM‘F(l*b)XO:bG]W

Using these expectations and the monetary policy rule into the (I5) equation, the aggregate
demand equation becomes:

i) = bY{) + (Gar —bGar) — 0 (T + 6oy + 6, Yy — by —7)

(1—-b+0¢,) Y =— (¢, —b)ort, + (1 —b) Gy

YTZ,M T 4 (1-b) B.30
M T U bto0,) M T —btoe,) (B-30)
while the aggregate supply is given by
K K _
T = 1= Ab) Y+ (1= Bb) (XITfW — o7 'Gum) (B.31)

Substituting the aggregate demand expression into the aggregate supply:

r K ) T (1-10)
™ = 1 B) (1—b+a¢y)mrM+(1—b+cr¢y)GM

K1 I_1 -1
+ D) (X't — 0 'Gu)

1
-

(1=pb)(L=b+0¢,) + (¢  —b) ko

{{1=0) (1 =vpo™") =9, KGx + (1 = b+ 06,) kox" 71, }
Substituting back into the aggregate demand equation:

1 [(1=0) (1 =vo™") v, [ xGurt |
(I=b+o00,) (1—pb) (L=b+00,) + (¢, —b) ko

(1 —-b+ U¢y) rbx i,
(1-0)
(1 —b+ U¢y) .

- (¢7r - b) K’O'wXIT{W

Defining T'yy = (1 - 8b) (1 —b+0¢,) + (¢, — b) ko, the medium-run solution allocations can be
summarized as follows:

yT = 1 [(1=6) (1 = Bb) + (¢ — b) kY] Grr+
M (1-Bb) (1=b+00,) + (¢, —b) ko

T _ OT T I

Y =0, 6, G+ Q7 Th (B.32)

_(1-=0)(1—pb)+ (¢ —b) K1 __(¢x —b)ropx!

where Qf, = T and Qf , = e

b bo
7T,1]\—‘4 = QZ:AIyGJ\/I GM + QZ}\/[,T& T{w (B.SS)
[(l—b) (1—1/}0_1)—1/)¢,]/<a (1—b+0q§ )mﬁxl
where QF = T ~— and QfMW = Y

Fb¢

Short-Run Solution Allocations (Crisis State)

Now we can solve for the short-run allocations. First, we need to compute expectations

71



during the crisis state:

EYin = p¥d + (1= p)bYy 4+ (1—p) (1=0) x 0= pY + (1 — ) bY,
By = prs+ (1= p) by, + (1= p) (1 =) x 0 = prf + (1 — p) brry,
EGin = pGs+ (1 —p)bGrr+ (1 —p)(1—b) x 0= puGs+ (1 — p)bGy

The solution for output and inflation in the crisis state is analogous to equations ((B.19))
and ((B.20)) from Part II of Proposition 1, substituting Y, = 77, = 0:
yr_ L] (= Buorg + (1= Bp) (1= p) = pst] Gs + psoiox! T+
ST (1=B8u) (1 =p)b(Yn —Gu) + (1 — p)obry

™

0N

Ty || (1= ) kb (Yar — Gar) + [B (1 — 1) + o] (1 — ) beas

Substituting the medium-run solution allocations (B.32)) and (B.33) into these short-run
relations, we obtain crisis-state output and inflation as a function of the fiscal instruments,
which can be summarized as:

1 { korg + (1—p) (1 —vo ') kGs + (1 — p) ko' 75 }

Vi = Qveers + QveesGs + Qyo a7t + (B.34)
-+ Q;g,GMGM -+ Q£S,T§MT£/I .
1-p8u)o 1—06p)(1—p) — pk rkox!
where Qy, . = (riu) Qv s = [(1—Bu) (F 1) — py] Oy =t - X
no no no
_(@=pb
Q$S7G1\1 = F;w [(1 - BU) (QgM,GM B 1) + O—QZJVLGIVI] and
T _(1=pb T T
YSJ{VI - F/w [(1 N ﬂﬂ) QYMvT{w T UQ”MWI\J
7T£ = Qmmgﬁ% + QWS,GSGS + QWS,TISTé +
b0 Gy + 0T 7l (B-35)
ms,Gu T M ms,rl, TM
Ko (1—p)(1—vo )k (1= p) kX"
where Q, re = T8 Qrgas = s Qo = ———
SsTgs Fp,a S S Fuo’ S5Ts ]-—"u,a-
_(1—pb
ZS,GM = Fuo [F': (le\/IyGJ\/I - ]‘) + [5 (1 - /1‘) + &U} QZNI7GA4:| and
T _(@=pb T I T
QWS,'rfW =7 [KQYM,T{WTM + [B(1 = p) + ko] QMN{W]. ]

Proof. (Proposition 2 - Part III - ZLB is binding) With the new allocations defined for
output and inflation in the short and medium runs, we need to derive again the relation between
the shock and the fiscal instruments that guarantee that the zero lower bound is binding in the
short run (Condition (C4')). The idea follows that used to derive Condition (C4) in Proposition
1, remembering that the long-run allocation is given by Y;, = n;, = 0. We can already use the
result from equation and substitute for output and inflation in the transitional state

((B.32) and (B.33)) to obtain:
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(1 - /’6) (b‘n' + M(byUKwXITé +

(1—p) (L =20") ¢t +[(1 = p) (1 = Bp) — puri)] @, o+

ig = 1%
S S I‘“¢ FM¢
1— (11—
a=w [‘b”“r A=buwa), (60— 1) Gu+ 03, 1 7h) +
,de) M
(1—p) 9,0+ (B(L—p)+ ko) b,
[ y " ] b (QZM.,GMGM + QTTFMJ{V[T&)

_ _ -1 _ _ _ _
s = o4 (L—p) (L =vo™ ) dppr+ [(1 — p) (1 — Bp) — pr] ¢yGS+ (1—p) ¢w+u¢y0wXIT§+
Luo Lo

Tuo | [6yo +(B(1—p) +ro)d ) o |
(1 — ‘UJ) b [(ZSWK’ + (1 - B,U;) ¢y] Q£Mﬂ'{w+ 7'[
Tuo | [0 +(BU-m)+ro)o QL . |

Thus, the nominal interest rate implied by the monetary policy rule is negative, and the
zero lower bound is binding, if the shock respects the following condition:

I i, (Condition (C4"))

7“%- < —@GSGS — engé' — @gMGM -0

where the coefficients are ©¢, and @Tg are the same as those defined in Part III of the proof

of Proposition 1 and the other coefficients are given by

_ A= | [pak+ (=B o] (2,6, — 1)+
@T = Yy MG M d
o =T, { (0,0 + (B (1= 1)+ 50) 6,197, g, |
or — (]. — ,u) b [(ZSWK’ + (]‘ - BH’) ¢y] Q$M,7'ﬂ4+ m
T Tw | [+ BU-m+ro)e L

Proposition 3 The welfare loss function in this model is given by

(o] N R 2 R
L= 4 {wf + (Yt - FGt) + Ang} (4.16)
t=0
-1
where T = %, Ay = g and A\, = A\, T (1 —v—T). Given the probability structure of the model,
this function can be expressed in present discounted terms as
B—p)b 2
PDV __ 2 _ 2
L =\ A= B0 1—-5b) (7TM + A (Y —TGm)" + )‘gG]u) + (4.17)

§ _%1(1 = )ﬁi}) <1bi gy (70 (V2 = TGL)* + 0,61

The proof of this proposition is divided into two parts. In the first part, I derive the
expression for the welfare loss function, while the second part shows how I obtain the expression

for the present discounted value of the loss function.
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Proof. (Proposition 3 - Part I - Welfare Loss Function) - The welfare loss function is
obtained through a second order Taylor expansion of the utility function, according to|Woodford
(2003)) and [Eggertsson| (2011al). The utility function in this model is given by:

{ZB { (Ci, &) +9 (G, &) — /Olvmt(z'),&t)dz’]}

I use the aggregate resource constraint (Y; = C; + G;) to substitute out for consumption and
the production function (y; (i) = h¢ (7)) to substitute out for labor. The utility function becomes

The Taylor expansion is performed in each term of the utility function separately. The first
term yields:

U (Y;& - Gta gt) ~ u+ Uci}t - ucét + uégt + %uccﬁz - %uccéf +
el Ve — uecYyGe — uek, G + 3 uee, + O (I€°)

where @ = u (Y;0), ; =Y; — Yand G; = G; — G and assuming that the fluctuations in V; are of
order O (||¢]|). This can be written as:

. " _ R " _ R R 2
u(Y; —Gi,&,) ~ d4uY (Yt + %yg) — u,G (Gt + lG?) + uey + ucY? (yt i %Yf)
e G2 (G + 563

—ucgfté (Gt

) + ucégt ( 1Y,2) - u(’(’YG (Yt + 1Y ) (ét + %éf)

LG3) + Seuect, + O (I€1°)

— Gt uy (y; n %y“g) —u,G (C;t n %Gf) gty + M VY2 - LGP
FuceVE Yy —uee¥ GV, Gy — ueeGE,Gr + 3Euect, + O (IE]°)

where I substitute ¥; in terms of V; = log (¥;/Y), using the Taylor series expansion

<l

L—14Y, 4+ WY2+0(€?)

Analogously, I substituted G, in terms of G; = log (Gt / G‘). This can be conveniently written
as:

_ |~ ~ ch ~ c O A A A CCYG ¢ g
u(Yy — G, &) = uY [Yt—i—éYQ-i-é YtZ"FL gﬁtyt] —ucG [Gt‘FéG?"‘%u *GZ “Stht}
U U Ue Ue
UeeY G A
—ucY == ZViGy + tip. + O ([¢]°)

= uY [Yt + % (1 — 071) Yf + Uﬁldtfft} —u.G [ét + % (1 — 0717) éf + aildtét}
+u Yo Y,Gy + tip. + O (||€]1°)

1

where 07! = —ue Y Juc, dp = oueeéy/ue, v = G/Y and t.i.p. are the terms independent of policy.
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The expansion of the second term gives:

9(Gt,&) =~ -+ 96Gr + ge&y + 2966 GT + 9ae&yGe + $€ueeé, + O (|1€]1°)

_ N " _ R n 2
g+ 9cG (Gt + %Gf> + 9¢&, + 3966G? (Gt + %Gtz) +
gaet,G (Go+ 3G3) + deueet, + O (€)1

=9cG (ét + %Gf) + %QGGézéf + gagéftét +tip.+0 (HEHS)

:%a%;+yf+2 @+ﬂ“§é4+Mp+oamm
gc ga

= g6G |G+ 3 (1= 0G") G + 05l G| + tip. + O (I¢P)

where 051 = —gggé/gg, dtG = Uggc;gft/gg.
Finally, the expansion of the third term yields:

U (ye (i) ,€) 2 0+ vyl (i) + Ve + SvyyTe ()7 + vye&iBie (1) + 2 veet, + O (JI€]1%)

o+ 0,7 (90 0) + 300 () + Sy [¥ (50 ) + 30 (z‘)Q)}2 +
vie€? (3 (D) + 301 ()7 + ve€ + 3€vect, + O (I€I1°)

= Vg (i) + 3V [vy + 0y V] 90 (0)° + 0y V€00 (i) + tip. + O (|I€]°)

Vo, {ini) + 3 |14 227] 600 + 25600 | + i+ 0 (1eI°)
Y Yy
where g (i) = log (y¢ (i) /Y). We can use the first order conditions of the household’s problem
to get: B

Uy (Y, f) 0—1

(v _G.g 0 (1= =1-®=0v,=(1-?)u.

where % is the desired mark up as a result of the suppliers market power. Woodford (2003)
explains that the parameter ® > 0, which is assumed to be of order O (||¢||), summarizes the
overall distortion in the steady-state output level as a result of both taxes and market power.
Substituting into the expansion above, we get:

w%m@a:Yu—@w{@@+;P+Y%ﬂmaf+y%“%amm}+Mp+omw%
Uy Yvyy Uy

5 3 . 1 You 9 Yvu Vyeky . . )
=V {- i+ 4 [+ 22 007+ S 28 )} i+ O (I

= Vu {(1- @) 5 (i) + L1+ ] 4o () — waidi () } + tip. + O (€]1°)

where w = Yy, /v, and ¢ = —vye&,/ (Yvyy). Integrating this expression over the differentiated
good ¢ yields:
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! . - (1= @) Eife (i) — war By (1) + , 3
/O vy (i),&) di = Yuc{ 14w [(Eigt ()2 + varsge (Z.)} }th-w + O ([I€1°)
(1-®) y, -1 [1 — 971] var;g: (1) — way Y, — 1 [ 971] var; g (1) | + !
) { . ’ . . } 2 { A2, } + tip. + O (JI€]*)
St ] | (3= 5[ 07 vane )+ varsg 0]

v { (1= ®) 7+ } 1+l 77— ward

; 3
_% [1 — 0_1] var; Y (z) + % [1 + w} varii; (z) } +tap. + O (||§H )

= Yu, {(1 —0)Y; + I [1+w] Y2 —wa s + 3 [07" + w] varg, (z’)} +tip. + O (JI€]°)

where E;3; (i) denotes the mean value of ¢ (i) across all differentiated goods at date ¢ and
var;G; (1) is the corresponding variance. The last line makes use of the Taylor series approxima-

_9_
-1

tion of the aggregate Y; = {fol o (z’)bﬁ%1 dz}
Yi = Eif () + 5 (1= 0) " warige (i) + O (|€]°)

to eliminate E;y; (7).

We can use that, in steady state, the marginal utility of consumption must be equal to the
marginal utility of government spending (u. = g¢) and assume that the intertemporal elasticities
of substitutions of public and private spending are equal (¢ = o). Putting the first and second
terms together:

u.Y [th + % (1 — 071) )A/tz + Uﬁldtf’t} —u Yy [Gt + % (1 — 0717) éf + ofldtét}

+u0570_1'y?}ét +uYy [Gt + % (1 — 0'_1) G% + U_ldtgét} +tip. +0O (H§||3)

u.Y {Yt + % (1 — 0_1) Yf + o_ldtfft} + uCYJ_WYtG’t
—u ¥y [0 (1= 4) G} + o7t (d — df) G| + tip. + O ()

=uY {Yt + % (1 - J_l) YtQ +o7 Y + U_I’YYtG't - wéf} +tip.+0 (H£H3)
Y {% (1—o ) V2 + (1 +oldy + oflvét) ¥V, — wa} +tip. + O (|IE)°)

where I assume that the preference shock &, enters the utility function of private and public
consumption in the same way, which implies d; = df’.
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Combining this last expression with the third term we obtain:

-1 . ~
(=0 32+ (14074 oG Ve - 2T =D

1
2
~Yu, {(1 — )Y, + L1+ w] Y2 —waY, + 3 [0 + w] varyg (z)} +tip. + O (J€]?)

_ _uc? { (071 + w) Y’f -2 [afldt + wq; + Jflfyét + @} Y’t+
1

tip. + O 3
2 | yo t (A=) G+ [0 + w] varig (i) }+ i-p-+ 0 ([€I°)

Assuming that the government removes monopolistic distortions and distortions from in-

0—1 .
come taxation in the steady state through a subsidy p* = = (1—71), then ® = 0, which

implies v, = u.. Consequently we have that c~1d; + wg; = 0. This removes the linear terms in
the expression above:

—1 -1

v = v2oo- 2 T avi+ 2T (1-y)G2
Ut:_% (7! +w) { i e AL g ) Gi +tip.+ O (|€]°)
+ [9_1 + w] var; g (7)

w? | e (e 06 oo 2 e
:_% 7 foltw ! 7 ol +tw A +t.i.p.+0(”§”3)
+[07" + w] varig (i)

The price dispersion term var;i; () can be written as a function of inflation using the demand
condition for good i, y; (i) = Y; [p¢ (i) /P,]~° which yields:
logy; (i) = log Y; — 0 (log p¢ (i) — log 1)

Thus,
var; log g, (i) = 0%var; log p; (7)

Substituting into the expression for Uy:

—1
oG

2
(o oy
U, = 4 ] (o7 +w) (Yt 1+th> + [(1—v>—

+0 [1 + wb] var; logpt (7)

ol fw + t.i.p. +O(”£“3)

Define Ay = var;log p; (i), which can be written in recursive form as
Ay = aly 1+1 7%"'0(”5”)

[terating backwards to time ¢ = 0:
At t+1A +72at s 2+O HfH )
Taking the discounted value of these terms V¢ > 0 we obtain:

Zﬁ Ay = " Zﬂ + tip.+ O (|€]°)
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Substitute it back in the loss function and rearranging;:

_ af (14+wb) . ( o1y A>2
= > i+ (ot w) (Vi - — G| +
ZBtUﬁ:_%Zﬂt uﬂl)(bi@; ) R +tip. + O (Jl€]°)
7r5—|—
Yue _of(1fwh) < (1_a)(1_a5)(01w)1<ﬂ_0wA)Q
- 2u (lia —;O—Jaﬁ Zﬁt a (14+wo) 6 Y a—1+th T
S O TR G B (N et B T
o (1+wh) 0 QR (0 T+tw) !
+tip. + O ([€])
_ Yu, af(1+wb) C(A-a)(1-aB) (67 +w) oy
Define O = > T-a)(_af) "= - ) and I = L
> B == {W? + 2y (Y- FG})2 + Agéf} +Lip.+ O (¢]°)
t=0 t=0

where )\, = g and A\, = A\, I'[1 — v —T. This loss function is similar to that presented by Woodford
(2011). m

Proof. (Proposition 3 - Part IT - PDV Welfare Loss Function) The probability struc-
ture of the model can be used to write the infinite summation in the loss function in terms
of present discounted values. Before the crisis, the economy is at the steady state, where

(ﬂ't =Y, =G = 0), so welfare losses will be zero until the crisis hits. At the initial crisis state

(t = Tp), this function assumes the value S = [w% + ), (Ys —TGg)* + )\gG%}. In the following
period, with probability u, the shock will still be effective, and the economy will have wel-
fare S again. With probability (1 — u) (1 — b) it will go to the long rurf'!| and welfare will be
L= |:7T% + A, (Y, —TGL)? + )\QG%]. With probability (1 — p) b there will be a transitional state
due to a combination of monetary and fiscal policies, even when the zero lower bound is no longer
binding. In this state, welfare will assume the valu M = [w?w + A, (Yar —TGun)? + )\QG?M}
After the economy enters the transitional state, it is expected to stay there in the following
period with probability b, with welfare losses M. With probability (1 — b) the economy goes to
the long run and welfare will be L.

Expanding the summation of the loss function for a few periods using the definitions for S,
M and L, we can analyze the pattern:

4Tn order to obtain a general expression for the function, it is assumed that the economy does not necessarily
go back to the steady state in the long run. This happens when policies implemented during the crisis are
expected to be permanent. If they are temporary, the long-run allocations go back to (7, =Y, = G, =0), and
it is possible to simplify the expression even more.

42Note that the medium-run values for output, inflation and government spending here will be different depend-
ing on the combination of monetary and fiscal policies chosen. But to derive the present value of welfare losses
their actual values do not matter at this point.
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_ 2 _
PPV — 5 43 pS + (1 — p) bM+ L peS+ (1 —p)blp+ b M+
ot (I=p)(1-0b)L (I=p)@A=b)[L+p+0]L
t=1 t=2
53 (S + (1 — p) b [p? + b* + pb] M+ N
| (=) (1=b) [L+p+p® +0+b + pb] L
t=3
5t ptS 4 (1= p) b [p® 4+ 0%+ pb (u+b)] M+ N
Q=—p) A=) [1+p+p>+p2+b+0%+b03+pb (14 p+0b)] L
t=4
[ PS4+ (1= )b [p* + b + pb (ub + p® +0°)] M+
B (1w (1-b) Lt p? 4+ pt 0+ 02 07+ 00+ | |+
I a pb (14 g4 p% + b+ b? + ub)
t=5
[0S + (1= ) b [1® +b° + pub (1® + b + pub (4 b))] M
8° (1w (1-b) L4 p+ g + g+t + p5 + b+ b2 + 0%+ b* 4 b5+ +o
o b (Lt 4 i 0+ 0 408+ b (1+ i+ D)

t=6

Distributing the 3'sand grouping similar terms:

LPDV:(1+ﬁﬂ+ﬂ2u2+ﬁ?’ﬂ3+64M4+ﬂ5u'5+ﬁ6;u6+67,u7+)S+
14 B u+ b + 8% [u® + b2 + ub] + 8 [ + b3 + ub (u +b)] +
BA=p)b| B [ +b" + b (ub+ p® +67)] + B [1° + 6% + pb (6 + 0% + pb (u + b)) | + | ¢ M+
B [ + b8 + pb (p + 0% + b (% + b2 + b)) + ...
[ 1+ B[+ p+b+ 8% [T+ p+p?+b+ 0%+ pub| +
B2+ + i b+ 0>+ 6%+ pub (14 p+b)] +
g Ttp+p?+p+pt +b+02+ 0%+ b4+
pb (14 g+ p? + b+ b + pb)
L4 p+p? 4+ 4 + p* 4+ p® + b+ 0+ 0% 4+ b 4+ b+
pb (14 p+p? +p®+ b+ b2+ 0% + pb (14 p+0b))
<1+u+u2+u3+u4+u5+u6+>+

B—p)(1-b)| B

4 b+ 0>+ b° + 0" + b 4 b°
) L+p+p?+pd+pt+b+0% + 63+ b1+ N
PO\ b (14 o+ 12 + b+ b2 + ub)

Rearranging:
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LPDV

BPud + Bt + B+
BOuS + BT + ..
[ 14 B+ B2u? + B2 + Bt + B + oS+ ]
Bb+ 526 + 336 + B4t + A% + SO0+
Lt Bt B2p® + B + B+
B(1—p)b Bb + 3202 + B30 + pot+ M +

B b 1+ Bu+ B2u2+
B2ub | Bb+ B2+

1+ Bu+ B2+
S+

B2ub+ ...
[ 148+ 8 +8°+ 8"+ 58 +5°+
1+ B+ 8+ 5+ 8"+ 5+
1+ 848>+ 8°+ 8%+

Bu(l+ B+ Bu)+...
1+ 848 +5°+p*+ 8+
1+ B+ 6%+ 8%+ 8+
Bl g 1+ 8+ 6%+ B+ +
ﬁb(5b<1+ﬁ+ﬂz+ ))
pb(1+ 3+ 38b)+ ...
1+ 8+ 82+ 5+ 5+
148+ 8%+ 8°+
m(m(lww% ))
Bu(l+B8+Bu+...)

B —p)(1-0)

1+ 8+ 8+ 5+
8% b ﬁb(5b<1+5+62+ >)
Bb(1+B8+pb+...)
1+8+82+...
82 Bu(L+ B+ But)

Bb(14 8+ Bb) +
B2ub+ ...

Grouping similar terms one more time:

LPDV

(L+Bu+ B>+ B°u® + Bt + 8°u° + B + 87" +..) S +
BL—pb (1 + B2ub+ (B2ub)” + .. )

(14 Bu+ B + B2 + Bt + 87p° + 8%uC + .. +
| Bb (L + Bb+ 5% + b + 8%+ B + )

M +

1B (14 Bt (B + (B + (B + ) +
| b (1 + Bb+ (8b)? + (Bb)° + (Bb)* + .. ) +

We can write the summations as:
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B—p)(1=b)(1+B+B+8+8 48+ +..) <1+B2ub+(62ub)2+...) x



.-

t=0

pra-mn(Z o) [(Sow) « (sg o)}
{6( (1-1) <Zﬁ> ( (mb)t) 1+ B (fj (ﬁu)t> + Bb (i (6b)t>]}L

t=0 t=0
Using the properties of infinite summations to get a more straightforward expression:

PDV _ 1 ﬁ(l_ﬁ‘)b[ 1 Bb }} { B (1_M)(1_b)|: B Sb }
L 16HS+{ —ﬁ2ﬂb 17@“—&-17&) M + -5 1—ﬂ2ub 1+ + L

1—Bu  1-5b
Which gives the final expression for the welfare loss function in present discounted value
terms:

LPDV —

1 2 2 2
1—6” (ﬂ'S_FAy (YS—FGS) +>\QGS)+

i f}é;)(f)_bﬁb) (w’f‘v, + Ay (Yar — DGap)? + /\ngw) + (B.36)

B —p)(1=b)
(1-p8)(1—pBp)(1—pb)

(72 + A (V2 = TG1)* +0,G1)

Proposition 4 Assuming Conditions (C1) — (C4) hold, if the monetary authority keeps the
nominal interest rate fized at an optimal level it in the transitional state, it picks this level by
solving the following minimization problem

min LFPV
{im}
st. Ys,ms, Yy, mar, Yo, mp

tar >0

where LTPV is defined in Proposition |3 and the levels of output and inflation in each state are
given by Proposition [1. The solution to this problem yields an optimal nominal interest rate

given by
-opt . opt
Z»* — 7’M 5 f
M 0o , otherwzse
-opt 1 *
zM—r+Q {Q s+

1M T

Go+ O Tk + 90, 6, G+, T{W} (4.18)

in,Gs
'l]\/j T

where the analytical expressions for the coefficients Qi ;, j € {7,r%,Gs, 74, Gy, 7, }, are defined in
the appendiz and depend on the structural parameters and the coefficients (Qs) from Proposition

(2.

Proof. Since the long-run allocations do not depend on the medium-run nominal interest rate,
the problem that the monetary authority needs to solve can be expressed as:
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min
finry 1= Bpe
s.t.

Yo = Qvgrgs + Q65 Gs + Qyg r1 75 + Qvins (F— i) + v .60 Gt + Dy 71 Thy
s = Qg + Qg 65 Gs + Qg o175 + Qrging (7= int) + g 60 Gt + Qg o1 Thy

— = ; 1
Y = Qv in (T —inm) + QvycuGu + QYM,TfV[ Tm

1—p)b
{(W% + 2y (Vs —TGs)* + /\gG?‘s) + ﬁ((l—ﬁ'ub)) (ﬂ-?\/l + Ay (Yar —TGar)? + /\gG?\/[)}

. I
™ = QTFM,’iM (T - ZM) + Q7TM,G1\/1GYJ\/I + Qﬂ'M,'erITM
ip >0

Substituting the restrictions into the objective function:

I 2
Qﬂ's,r%'rg«+Q7TS7GSGS+Q7‘.SV7_§T§—|— n
1 Qﬂ's’iM (F o ZM) + Qrg .60 Gu + Qﬂ's,‘rfuTﬂ/I

. 2
(i} 1— Bpa by ( rsrgrs + Uveos —T) Gs + Oy rr st ) +

QYSJM (7: - lM) + QYS,GMGM + QYS,T{WT{W
)\gG%

2
Q71'M,iM r—1 +Q7TM,GMG +Q7T 1 ] +
B(1—p)b ( S 0 et 7h) :
(1—Bu)(1—pb) | M (QYM,iM (f*iM)Jr(QYM,GM*F)GMJrQyM,Tgffu) +

MG

+

The first order condition with respect to i, is given by:

- . Qrgi

L=Bp\ Qngin (,F_ZM)+Q7TSaGZWGM+Q7Ts,T§/IT{W ) o

1 M Qg + (Qvs,gs — 1) Gs + Dy 176+ Q. s
1B Qvgin (7= iar) + Qv Gar + Qg 71 Thy ’

1 < Qﬂs,rgrg +Q7|—57GSGS + Q‘“’S,‘I’g/rg—’—

B(l—pu)b .
- (1 — é#) (1 — 51)) (QFAI,iM (T - ZM) + Q'ITI\/MGMGM + QT(}W,T&T{W) QWM7iM
B(l—pu)b .
- (1 — éu) (1 )7 ﬁb) )‘y (QYAI,iAf (’I“ - ZM) + (QYM,GM - P) Gu + QYM,wawa) QYM,iM =0

which can be written as:

1
.opt _ - * e * * I * * I
7""‘ 79* B {QiM,TgrS +QiN17GSGS +QiM,T{9TS +QiM,G]\4GM +QiM,Tf\/[TM}
TM T

where Q*

LA T

= {(Qﬂs,iM)Q + )‘y (QYS7iM)2 + ﬂ((ll:ﬁlz))b ((QWMJ'M)Q + /\y (QYMJM)2)]a

O re = [Qﬂs,iMQWs,Tg + )‘yQYs7iMQYs7T§]7 Q?M,GS = [Qﬂs,iMQWs,G’s + )\yQYS;iM (QYS>GS - F)]’

IMLTS

*

|:Q7"SyiM ng,‘ré + )\yQYS»il\l QYs,Té:| ’

iM,Tg
% _ 1—p)b
QiM,GM = |:Q7Ts;iM Qﬂ'S,GM + )‘yQYs,iM QYS,GM + B((lfﬁlz)) (Qﬂ'M,iMQﬂ'M,GM + )‘yQYMJM (QYM,GM - P)):|

M

* _ 1—p)b
and QiM,TfVI = |:Q7TS7'L‘MQ7T5‘,T§W + )‘yQYS,iMQYS,TI ﬁ((lfﬂub)) (QTFM,iMQTrM,Tfu + )‘yQYM,iMQYM,wa>] .

Thus, to also satisfy the non-negativity condition (i; > 0), we have that the optimal nominal
interest rate is given by
. { P %> 0
ZM -

0 , otherwise
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