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Abstract

We use a dynamic term structure model with default and observa-
ble factors to study the interaction between macro variables and the
Brazilian sovereign yield curve. We also calculate the default proba-
bilities implied from the estimated model and the impact of macro
shocks on those probabilities. Our results indicate that the VIX is the
most important macro factor affecting short-term bonds and default
probabilities, while the American short-term rate is the most impor-
tant factor affecting the long-term default probabilities. Regarding
the domestic variables, only the slope of the local yield curve presents
significant explanatory power for the sovereign rates and default pro-
babilities.
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1 Introduction

Sovereign risk is a subtype of credit risk related to the possibility of a govern-
ment failing to honor its payment obligations. It is a fundamental component
of emerging countries’ yield curves. Sovereign risk is also very important for
emerging market firms, since the cost of foreign financing typically rises with
the country risk. Accordingly, the following questions are of particular inter-
est: What are the factors most affecting the sovereign yield curve? Which
variables have greatest impact on default probabilities? This study presents
an empirical investigation of these questions by using an affine term structure
model with macroeconomic variables and default risk1.

There are two main approaches in credit risk modeling: structural and
reduced form models2. While the former provides a link between the probabi-
lity of default and firms’ fundamental variables, the latter relies on the market
as the only source of information regarding firms’ credit risk structure. Black
and Scholes (1973) and Merton (1974) proposed the initial ideas concerning
structural models based on options theory. Black and Cox (1976) introduced
the basic structural framework in which default occurs the first time the value
of the firm’s assets crosses a given default barrier. More recently, Leland
(1994) extended the Black and Cox (1976) model, providing a significant
contribution to the capital structure theory. In his model, the firm’s incentive
structure determines the default barrier endogenously. That is, default is
determined as the result of an optimal decision policy carried out by equity
holders.

All the papers cited above deal with the corporate credit risk case. How-
ever, the sovereign credit risk differs markedly from corporate risk3. For
instance, it is not obvious how to model the incentive structure of a govern-
ment and its optimal default decision, or what “assets” could be seized upon
default. Moreover, post-default negotiating rounds regarding the recovery
rate can be very complex and uncertain. Consequently, the use of structural
models to assess the default risk of a country is a delicate question. Not

1In this article, the term “macroeconomic (macro) variable” refers to any observable
factor.

2Giesecke (2004) provides a short introductory survey of credit risk models.
3As discussed by Duffie et al. (2003), the main differences are: (i) a sovereign debt

investor may not have recourse to a bankruptcy code at the default event. (ii) sovereign
default can be a political decision. (iii) the same bond can be renegotiated many times.
(iv) it may be difficult to collateralize debt with assets into the country. (v) the government
can opt for defaulting on internal or external debt. (vi) in the case of sovereign risk, it
is necessary to take into account the role played by key variables such as exchange rates,
fiscal dynamics, reserves in strong currency, level of exports and imports, gross domestic
product, and inflation.
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surprisingly, it is difficult to find studies of sovereign debt pricing based on
the structural approach4. Therefore, we opt to use reduced models, where
the default time is a totally inaccessible stopping time that is triggered by
the first jump of a given exogenous intensity process5. This means that the
default always comes as a “sudden surprise”, which provides more realism to
the model. In contrast, within the class of structural models, the evolution
of assets usually follows a Brownian diffusion, in which there are no such
surprises and the default time is a predictable stopping time.

Lando (1998), and Duffie and Singleton (1999) develop versions of re-
duced models in which the default risk appears as an additional instanta-
neous spread in the pricing equation. The spread can be modeled using state
factors. In particular, it can be incorporated into the affine framework of
Duffie and Kan (1996), a widely used model offering a good compromise
between flexibility and numerical tractability6. Duffie et al. (2003) extend
the reduced model to include the possibility of multiple defaults (or multi-
ple “credit events”, such as restructuring, renegotiation or regime switches).
The model is estimated in two steps. First, the risk-free reference curve
is estimated. Next, the defaultable sovereign curve is obtained conditional
on the first stage estimates. As an illustration, they apply their model to
analyze the term structure of credit spreads for bonds issued by the Rus-
sian Ministry of Finance (MinFin) over a sample period encompassing the
default on domestic Russian GKO bonds in August 1998. They investigate
the determinants of the spreads, the degree of integration between different
Russian bonds and the correlation between the spreads macroeconomic vari-
ables. Another paper applying reduced model to emerging markets is Pan
and Singleton (2008), who analyze the sovereign term structures of Mexico,
Turkey, and Korea through a dynamic approach.

Nevertheless, Duffie et al. (2003), and Pan and Singleton (2008) use a
pure latent variables model. Thereby, the impact of macro factors changes
on bond yields can be evaluated only indirectly through, for instance, a
regression between observable and unobservable variables. Moreover, in pure
latent models, the unobservable factors are abstractions that can, at best, be
interpreted as geometric factors summarizing the yield curve movements, as
shown by Litterman and Scheinkman (1991).

The modern literature linking the dynamics of the term structure with
macro factors starts with Ang and Piazzesi (2003), who propose an ingenious

4Exceptions are Xu and Ghezzi (2002) and Moreira and Rocha (2004).
5A stopping time is totally inaccessible if it can never be announced by an increasing

sequence of predictable stopping times (see Schönbucher, 2003).
6An affine model is a multifactor dynamic term structure model, such that the state

process X is an affine diffusion, and the short short-term rate is also affine in X
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solution to incorporate observable factors in the original framework of affine
models. In their model, the macroeconomic factors affect the entire yield
curve. However, the interest rates do not affect the macroeconomic factors,
which means that monetary policy is ineffective. Similarly to Duffie et al.
(2003), they employ a two-step estimation procedure, first determining the
macro dynamics and then the latent dynamics conditional on the macro
factors. Ang et al. (2007) estimate a dynamic macro-finance model using
Markov Chain Monte Carlo (MCMC) technique in a single step procedure.
Others studies that combine macro factors and no-arbitrage conditions are
Rudebusch and Wu (2004) and Hördal et al. (2008).

Following the advances brought by these previous studies, we examine
the impact of macro factors on a defaultable term structure through an affine
model similar to that of Ang and Piazzesi (2003). We provide a comparison
among a variety of specifications in order to determine the macro factors that
most affect credit spreads and default probabilities of an emerging country.
We also use impulse response and variance decomposition techniques to an-
alyze the direct influence of observable macro factors on yields and default
probabilities.

However, before estimating the parameters, one must choose an identi-
fication strategy. Not all parameters of the multifactor affine model can be
estimated, since there are transformations of the parameter space preserving
the likelihood. When sub-identified, parameters can be arbitrarily rotated,
while over-identified specifications may distort the true response of the state
variables. Based on the findings of Dai and Singleton (2000), we propose an
identification procedure for affine models with macro factors and default7.

We select Brazil as the case study. The reason for this choice is that
Brazil is one of the most important emerging countries with a rich history
of credit events8. When using Brazilian data, one must take into account
that frequent regime switches have occurred until recently, such as change
from very high inflation to a stable economy (July 1994), change from fixed
to floating exchange rate in a currency crisis in January 1999, and change
of monetary policy to inflation targeting in July 1999. Thus, our sample
comprises five and a half years of historical series. This sample size is com-
patible with that found in other recent academic studies containing data
from emerging economies (see, for instance, Pan and Singleton, 2008, and
Almeida and Vicente, 2009). Furthermore, following these authors, we de-

7Related to our specification analysis there is the work of Pericoli and Taboga (2008),
who implement an identification of a default-free affine model with macro factors.

8Jointly with India, Russia and China, Brazil is considered as among the fastest growing
developing economies in the world. Goldman Sachs refers to these countries as BRICs, an
acronym for Brazil, Russia, India and China (see Goldman Sachs, 2007).
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cided to employ continuous-time modeling with high-frequency data in order
to avoid small-sample biases.

Our main model contains five state variables: one latent factor for the
reference default-free curve, one external macro factor, one internal macro
factor, and two latent factors for the Brazilian sovereign yield curve. We test
the following observable variables: Fed interest rates, VIX (index of implied
volatility of options in the Standard & Poor’s index), Brazilian Real/US Dol-
lar exchange rates, São Paulo Stock Exchange index (Ibovespa), and Brazilian
interest rate swaps. In the estimation stage we follow common practice and
use a two-step procedure as implemented by Duffie et al. (2003).

In a nutshell, we contribute to the finance literature in at least two as-
pects. First, we extend the works of Duffie et al. (2003) and Pan and Sin-
gleton (2008) by incorporating macro variables in a dynamic term structure
model with default risk. Second, our model allows a full interaction between
latent and observable sovereign factors, which in a sense extends the study
of Ang and Piazzesi (2003)9.

Our main findings can be summarized as follows. First, VIX and Fed
rates strongly affect the default probabilities in the short and in the long
term, respectively. Second, VIX has a great effect on Brazilian sovereign
yields, more than any investigated domestic macro indicator. This result
agrees with one of Pan and Singleton’s (2008) conclusions who report that
VIX has the most explanatory power for Mexican credit default swap (CDS)
spreads. Third, among the observable domestic factors only the slope of
yield curve presents significant explanatory power of the Brazilian credit risk
spread. Finally, a latent factor highly correlated with the level of the Brazil-
ian sovereign curve predicts a substantial fraction of the yield and default
probability movements. We also assert that the Brazilian spread is more sen-
sitive to volatility of international markets (measured in our model by VIX)
than local conditions. On the other hand, the moderate significance of the
domestic yield curve slope indicates that expectations of Brazilian investors
play a role in determining the sovereign yield and default probabilities.

The rest of this article is organized as follows. In Section 2 we present the
model. Section 3 describes the dataset used. Section 4 details the estima-
tion procedure. Section 5 presents the results of implementing the dynamic
models. Section 6 offers concluding remarks. Auxiliary results are contained
in the Appendices.

9Diebold et al. (2006), using a statistical model, find strong evidence of two-way
interaction between latent and macro factors.
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2 Affine Model with Default Risk and Macro

Factors

Uncertainty in the economy is characterized by a filtered probability space
(Ω, (Ft)t≥0 ,F ,P) where (Ft)t≥0 is a filtration generated by a standard N -

dimensional Brownian motion W P =
(
W P

1 , . . . ,W
P
N

)
defined on (Ω,F ,P) (see

Duffie, 2001). We assume the existence of a pricing measure Q under which
discounted security prices are martingales with respect to (Ft)t≥0. The price

PD of a defaultable bond at time t that pays $1 at maturity time T is given
by

PD(t, T ) = EQ
t

[
1[τd>T ]e

−
∫ T

t rudu + Zτd1[τd≤T ]e
−

∫ T
t rudu

]
, (1)

where 1A is the indicator function of the set A. The first part of the right-
hand side of (1) represents what the bondholder receives if the maturity time
comes before the default time τd, a totally inaccessible stopping time. In
case of default, the investor receives the random variable Zτd at the default
time. Lando (1998), and Duffie and Singleton (1999) prove that if τd is
doubly stochastic with intensity ηt, the recovery upon default is given by
Zτd = (1− `τd)PD(τd, T ), where `t is the loss rate in the market value, and if
other technical conditions are satisfied, then

PD(t, T ) = EQ
t

[
exp

(
−
∫ T

t

(ru + su)du

)]
, (2)

where st = `tηt is the spread due to the possibility of default.
We now briefly explain the concept of doubly stochastic stopping time (for

more details, see Schönbucher, 2003 or Duffie, 2001). Define N(t) = 1[τd≤t] as
the associated counting process. It can be shown that N(t) is a submartin-
gale. Applying the Doob-Meyer theorem (see Shiryaev, 1995), we know there
exists a predictable, non-decreasing process C(t) called the compensator of
N(t). One property of the compensator is to give information about the prob-
abilities of the jump time. The expected marginal increments of the compen-
sator dC(t) are equal to the probability of the default occurring in the next
increment of time: EQ

t [C(t+ ∆t)− C(t)] = Q [N(t+ ∆t)−N(t) = 1| Ft].
An intensity process ηt for N(t) exists if it is progressively measurable and
non-negative, and C(t) =

∫ t
0
η(u)du. Under regularity conditions, it turns

out that

η(t) = lim
∆t→0

1

∆t
Q[τd ≤ t+ ∆t|τd > t]. (3)

Thus, η(t) represents the evolution of the instantaneous probability of
defaulting by t+dt if default has not occurred up to t. Finally, τd is said to be
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doubly stochastic with intensity η if N(t2)−N(t1)|η ∼Poisson
(∫ t2

t1
η(u)du

)
.

Therefore, in the reduced model, the default event is essentially given by the
first jump of a Poisson process with stochastic intensity.

Our model is within the class of affine models analyzed by Duffie and
Kan (1996). The state vector Xt ∈ RN incorporates information about the
United States, XUS

t =
(
θUS
t ,MUS

t

)
, and Brazil, XBR

t =
(
MBR

t , θBR
t

)
, that

is, Xt =
(
θUS
t ,MUS

t ,MBR
t , θBR

t

)
, where the variables θt =

(
θUS
t , θBR

t

)
and

Mt =
(
MUS

t ,MBR
t

)
represent latent and observable factors, respectively. In

the affine model with default, st and rt are specified as affine functions of
the state vector. In other words, we assume that st = δs0 + δs1 · Xt and
rt = δr0 + (δr,US

1 , δr,BR
1 ) ·Xt = δr0 + δr1 ·Xt, where δs0, δ

r
0 ∈ R and δs1, δ

r
1 ∈ RN .

Then the default-adjusted short-rate process is

Rt = rt + st = δr0 + δs0 + (δr1 + δs1) ·Xt = δ0 + δ1 ·Xt. (4)

The dynamics of the state variables is given by:

dXt =


dθUS

t

dMUS
t

dMBR
t

dθBR
t

 =


KUS,US
θ,θ 0 0 0

KUS,US
M,θ KUS,US

M,M 0 0

KBR,US
M,θ KBR,US

M,M KBR,BR
M,M KBR,BR

M,θ

KBR,US
θ,θ KBR,US

θ,M KBR,BR
θ,M KBR,BR

θ,θ




ξUS
θ

ξUS
M

ξBR
M

ξBR
θ

−


θUS
t

MUS
t

MBR
t

θBR
t


 dt

+


ΣUS,US
θ,θ 0 0 0

ΣUS,US
M,θ ΣUS,US

M,M 0 0

ΣBR,US
M,θ ΣBR,US

M,M ΣBR,BR
M,M 0

ΣBR,US
θ,θ ΣBR,US

θ,M ΣBR,BR
θ,M ΣBR,BR

θ,θ




dW P,US
θ (t)

dW P,US
M (t)

dW P,BR
M (t)

dW P,BR
θ (t)


= K(ξ −Xt)dt+ ΣdW P(t), (5)

where K and Σ are N × N matrices and ξ ∈ RN . That is, X follows an
affine process with constant volatility. Similar to Duffie et al. (2003), we
set a “block-triangular” form for the dynamics of the state variables. The
zeros above the main diagonal of Σ and K imply that the American yield
curve factors affect the Brazilian yield curve factors, but not vice versa.
Furthermore, unlike Ang and Piazzesi (2003), we allow the macro and yield
factors to interact fully.

The connection between martingale probability measure Q and objective
probability measure P is given by Girsanov’s Theorem with a time-varying
risk premium:
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dW P
t = dWQ

t − (λ0 + λ1Xt)dt, (6)

where λ0 =
(
λUS

0 , λBR
0

)
∈ RN and λ1 is N ×N matrix given by

λ1 =

[
λUS,US

1 0

λBR,US
1 λBR,BR

1

]
As a result, the price PBR of a defaultable bond is exponential affine, that

is, PBR(t, T ) = exp
(
aBR(τ) + bBR(τ)Xt

)
, where τ = T − t, and aBR and bBR

solve a system of Riccati differential equations:

bBR(τ)′ = −(δr1 + δs1)−K?′bBR(τ)

aBR(τ)′ = −(δr0 + δs0) + ξ?′K?′bBR(τ) +
1

2
bBR(τ)′ΣΣ′bBR(τ), (7)

with K? = K + Σλ1 and ξ? = K?−1(Kξ − Σλ0). An explicit solution for
this system of differential equations exists only in some special cases, such as
diagonal K. However, the Runge-Kutta method provides accurate numerical
approximations. Thus, the yield at time t with time to maturity τ is given
by

Y BR
t (τ) = ABR(τ) +BBR,US

θ (τ)θUS
t +

BBR,US
M (τ)MUS

t +BBR,BR
M (τ)MBR

t +BBR,BR
θ (τ)θBR

t .

(8)

If the loss given default rate is constant, i.e. `t = ` for all t, then the term
structure of default probabilities is given by (see Schönbucher, 2003):

Pr(t, τ) = 1− EP
t

[
exp

(
−
∫ t+τ

t

su
`

du

)]
, (9)

which can be calculated similarly to the conditional expectation contained
in the pricing equation, with the objective measure replacing the martingale
measure. It turns out that Pr(t, τ) = 1 − exp(aPr(τ) + bPr(τ)Xt), where
aPrand bPr are again solutions of Riccati differential equations:

bPr ′(τ) = −δs1/`−K ′bPr(τ), (10)

aPr ′(τ) = −δs0/`+ ξ′K ′bPr(τ) +
1

2
bPr(τ)′ΣΣ′bPr(τ).

We close this section with two remarks. First, the reduced model can be
replaced by a standard term structure model with macro factors: it suffices
to let the US factors take the role of macro factors for the defaultable bonds.
However, the interpretation of the spread as the instantaneous expected loss
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and the computation of model implied default probabilities are no longer
possible. Second, all the models in this article are in the class of Gaussian
models, the simplest specification of the affine family. The inclusion of macro
variables and default substantially complicates the model and its estimation.
Therefore, we follow the standard macro-finance approach and decide not
to use a model with stochastic volatility10. However, note that macro fac-
tors such as the VIX volatility can approximately play the role of stochastic
volatility of the non-Gaussian affine models. Furthermore, models with con-
stant volatility are the best choice matching some stylized facts (as shown,
for instance, by Duffee, 2002, and Dai and Singleton, 2002) and to describe
corporate CDS spreads (see Berndt et al., 2004).

3 Data

Our sample consists of a daily series of the following variables: (i) constant
maturity zero-coupon term structure of US yields provided by the Federal
Reserve (Fed); (ii) constant maturity zero-coupon term structure of Brazilian
sovereign yields constructed by Bloomberg11; (iii) the implied volatility of
S&P 500 index options measured by the Chicago Board Options Exchange
Volatility Index - VIX; (iv) Brazilian Real/US Dollar exchange rate, (v) São
Paulo Stock Exchange index - Ibovespa12, (vi) Brazilian domestic zero-cupon
yields extracted from ID x Pre swaps obtained from Brazilian Mercantile
and Futures Exchange (BM&F)13. The first two data sets are used as basic
yields and the others play the role of observed (macro) factors in our model.

The sample begins on February 17, 1999, and ends on September 15, 2004,
with a total of 1320 days. The sample starts one month after the change of
the exchange rate regime from fixed to floating in January 1999, forced by a
devaluation crisis. The maturities of the US and Brazilian sovereign yields
are the same, namely 3 and 6 months, 1, 2, 3, 5, 7, 10, and 20 years, while the
maturities of the Brazilian domestic yields are 1, 3, and 36 months. Figure 1
depicts the US and Brazilian sovereign yields. Figure 2 shows the observed
variables. Note that the American yield curve is almost flat in the beginning

10An exception of this common practice is Spencer (2008), who generalizes the ho-
moscedastic macro-finance model by allowing for stochastic volatility process.

11The dataset of sovereign yields provided by Bloomberg is extracted from Brazilian
Global bonds.

12Ibovespa is the main Brazilian stock market index.
13The ID rate is the average one-day interbank borrowing/lending rate, calculated by

CETIP - OTC Clearing House every business day. The ID rate is expressed in effective
rate per annum, based on 252 day-year. For more information about the ID rate and ID
x Pre swaps, see the websites http://www.cetip.com.br and http://www.bmf.com.br.
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of the sample. After January 2001, short-yields decline over time and the
shape of the term structure changes to upward sloping. In end of 2002, there
is a stress movement in the Brazilian market due to a presidential succession
process in which the candidate of the opposition won the election.

4 Estimation

The parameters are estimated via the maximum likelihood method. Al-
though it is possible to make one-step estimations of the US and Brazilian
sovereign yield curves, it is computationally more interesting to work with
a simpler technique using a two-step procedure, as in Duffie et al. (2003).
We use the US term structure as the reference curve (default-free curve) for
our analysis. In the first step we estimate the reference curve using only
latent factors. Then, conditional on the parameters and state vector of the
US curve, we estimated the Brazilian sovereign yield curve.

We now describe the procedure adopted for a model with macro variables
and default. The estimation of US parameters is a particular case of this
general framework. By stacking the parameters and state variables, the yield
of a defaultable bond (Equation 8) can be written as

Y BR
t (τ) = ABR(τ) +BBR(τ)Xt, (11)

where the dynamics of Xt is given by Equation 5.
The likelihood is the joint probability density function of the sequence

of observed Brazilian sovereign yields Y BR
t =

(
Y BR
t1

, . . . , Y BR
tn

)
and macro

factors Mt. It is possible to show that the transition density of Xti |Xti−1
,

denoted by fX , is normally distributed with mean µBR
i = e−K(ti−ti−1)Xti−1

+(
IN − e−K(ti−ti−1)

)
ξ and variance (σBR

i )
2

=

∫ ti

ti−1

e−K(ti−u)ΣΣ′e−K(ti−u)′du (see,

for instance, Fackler, 2000).
Suppose first the vectors θBR

t and Y BR
t have the same dimension, that is,

we observe as many yields as latent variables. Then we can invert a linear
equation and find the unobserved factors θBR

t as a function of yields Y BR
t

and observable factors MBR
t . Using change of variables, the log-likelihood

function can be written as

L(Yt,Mt,Ψ) =
H∑
t=2

logfX(Xt|Xt−1,Ψ) + (H − 1)log det |Jac|,

where H is the sample size, Ψ = (δ0, δ1, K, ξ,Σ, λ0, λ1) is a vector stacking
the model parameters, and the Jacobian matrix is

12



Jac = B̄BR(τ1, . . . , τNBR) =

 BBR(τ1)
...

BBR(τNBR)

 , (12)

where τ1, . . . , τNBR are the time to maturities of the observable Brazilian
yields.

If we want to use additional yields, direct inversion is not possible. This is
known as “stochastic singularity”. One solution is to follow Chen and Scott
(1993), and add measurement errors to the extra yields. Let NBR

obs be the
number of Brazilian sovereign yields observed on each day, NBR

obs > NBR where
NBR is the size of XBR

t . We select NBR yields to be priced without error.
The other (NBR

obs − NBR) are priced with independent normal measurement
errors. Therefore, the log-likelihood function is

L(Yt,Mt,Ψ) =
H∑
t=2

logfX(Xt|Xt−1,Ψ) + (H − 1)log det |Jac|+ 1

2

H∑
t=2

u′tΩ
−1ut,

where ut is the vector of yield measurement errors and Ω represents the
covariance matrix for ut, estimated using the sample covariance matrix of
the ut’s implied by the extracted state vector, and Jac = B̄BR(τ1, · · · , τNBR

obs
).

In order to complete the estimation procedure, it is necessary to identify
the model. If the model is sub-identified then there are more than one set of
parameters that generate the same likelihood. Therefore, not all parameters
can be estimated. On the other hand, over-identified models produce sub-
optimal results that may distort the impulse response functions. However,
identification of parameters in a state-space system is tricky. In Appendix
A we provide identification strategies for some specifications of our model,
based on the results of Dai and Singleton (2000).

5 Results

In this section we analyze the results of three different specifications of our
model estimated by the maximum likelihood method described in Section 4.
We begin with a simple macro-to-yield without default specification. In order
to avoid local maxima, many trial numerical optimizations are performed
using the Nelder-Mead Simplex algorithm until stable results are obtained.
Then, taking advantage of these results, we select starting vectors for the
estimation of two higher dimensional models with default. After that, other
independent trial maximization starting from random vectors are performed.
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Finally we choose the best results. Although this procedure may be path-
dependent, the “curse of dimensionality” does not allow the use of a complete
grid of random starting points, as would be desirable.

5.1 Macro-to-yield without default

The simplest specification of our model is characterized by a macro-to-yield
dynamics without default. It is exactly the model of Ang and Piazzesi (2003)
applied to the Brazilian yield curve. The absence of default implies that
American latent factors (θUS) are unnecessary. In a macro-to-yield model the
observable factors affect the latent factors but not vice versa. This means
that KBR,BR

M,θ is a matrix of zeros.
The macro-to-yield without default specification presents three state vari-

ables, X = (M, θBR
1 , θBR

2 ). It serves to indicate the relevant macro factors for
the sovereign yield curve, which are then selected for use in the other models.
To extract Brazilian latent factors, we set the 3-month and 5-year sovereign
yields to be flawless. Nine versions are estimated, each having a different
observed factor M : (1) VIX; (2) logarithm of the Brazilian Real/US Dollar
exchange rate (LEX); (3) logarithm of the Ibovespa (LIBOV); (4) BM&F
1-month yield (B1m); (5) BM&F 3-year yield (B3y); (6) BM&F slope (Bsl)
= B3y - B1m; (7) Fed 1-month yield (F1m); (8) Fed 10-years yield (F10y),
and (9) Fed slope (Fsl)= F10y - F1m.

Table 1 presents the log-likelihood divided by the number of observations
(L/H) and the mean (for the nine maturities) of the absolute measurement
errors in basis points (MAE) for all specifications. These measures can be
used to evaluate the different versions of a model. Table 1 also presents the
correlations between factor 1 (θBR

1 ) and the slope of the Brazilian sovereign
term structure (ρ1,s) and between factor 2 (θBR

2 ) and the level of the Brazilian
sovereign term structure (ρ2,l). The likelihood does not vary significantly, but
the specifications that included US rates show slightly higher values. The
mean absolute measurement error is around 60 basis points. The latent factor
θBR

2 represents the level, since it is highly correlated with this factor in all
cases, while θBR

1 can be interpreted as the slope due to its positive correlation
with the slope of the yield curve.

In order to measure the relative contributions of the macro and latent
factors to forecast variances we perform variance decompositions14. Table 2
presents the proportion of the 1-month and 9-month ahead forecast variance
of the {3m, 3y, 20y}-yields attributable to each observable factor used in

14Appendix B presents some mathematical details about the variance decomposition of
our model.
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each of the nine versions. This provides a comparison of the importance of
the different macro variables for the sovereign yield curve by showing the
macro participation in the variance of the yields one and nine months after
the shock. The order of the impact can be summarized as follows: VIX and
BM&F slope present the largest effect, accounting for up to 69% and 79%
of the 20-year yields nine months after the shock. Although still significant,
the contribution of Brazilian Real/US Dollar exchange rate, 10-years Fed
yield, Fed slope, and Ibovespa are much smaller. Finally, BM&F 1-month
and 3-years yield, and Fed 1-month yield show negligible effect.

5.2 Macro-to-yield with default

In this subsection, we introduce default risk into the previous specification.
Again, we assume that the state variables follow a macro-to-yield dynamics.
There is a need for another latent factor besides the macro factor and the
two Brazilian latent factors. The job of this new factor is to capture the
US term structure, which represents the reference curve. The parameters
corresponding to the US latent factor are estimated in a first step, while the
other parameters are estimated conditional on the first step. The American
latent factor is obtained from the yield with 3 months maturity while the
Brazilian latent factors are obtained from the sovereign yields with maturities
of three months and five years.

In view of the results of the previous subsection, we divide the observable
factors into three groups. The first one is composed of the VIX and BM&F
slope which are the factors that have the largest impact on the yields. The
intermediate group consists of the Brazilian Real/US Dollar exchange rate,
10-year Fed yield, Fed slope, and Ibovespa. The third group presents little
effect on yields, being formed of BM&F 1-month and 3-year yields, and Fed
1-month yield. In order to understand the impact of macro variables on the
yields in a model with default, we use both factors of the first group, one
factor of the second group (Fed slope), and one factor of the third group
(BM&F 3-year yield)15.

Table 3 summarizes the results of some versions of the macro-to-yield
with default model. It shows the likelihood, correlations and measurement
errors of the yields of each specification. The first column refers to the yields
only model (y.o.) in which only latent factors are used. The others are
macro-to-yield models with VIX, BM&F slope, Fed slope, and BM&F 3-year
yield as observable factors. The inclusion of the US reference curve produces

15Models with other observable factors from the second and third groups were also
tested, providing similar qualitative results.
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a gain in likelihood and in fit, because the measurement errors are lower.
The latent factor θ2 remains highly linked to the level of the sovereign yields.

Table 4 presents the variance decomposition of the {3m, 3y, 20y}-yield for
one and nine months ahead. We see that the VIX is still very important, con-
tributing up to 70% of the 20-year yield variation. Other variables accounted
for less, but still some effect can be attributed to them. Furthermore, in the
y.o. version the US factor seems to be insignificant.

We also calculate the variance decompositions of the logarithm of the
default probabilities, which can be seen in Table 5. All results presented
in this paper are obtained using a fixed loss given default ` = 50%. This
particular choice is, of course, arbitrary, however there is empirical evidence
that the mean of the loss rate is around this value (see, for instance, Moody’s,
2008)16. The VIX is responsible for the greatest effect, especially in the
short-term. According to the model, in the 1- and 9-month horizon, VIX
accounts, respectively, for 54% and 61% of the 3-month default probability.
The BM&F and Fed slopes and BM&F 3-year yield explain 5%, 4% and 8%
for 1-month ahead, and 9%, 18% and 25% for 9-month ahead, respectively,
of the 3-month default probability. On the other hand, the Fed slope has
the highest explanatory power for long-term default probability among the
macro factors.

5.3 Bilateral models

In this subsection we present our main model. It has one American latent
factor, one American macro factor (VIX), one Brazilian macro factor and
two Brazilian latent factors. The Brazilian macro factor has a bilateral in-
teraction with the Brazilian sovereign factors, that is, the macro factors and
the sovereign yield curves fully interact. This means that KBR,BR

M,θ 6= 0. Once
more, the American latent factor is obtained from the yield with maturity
of three months while Brazilian latent factors are extracted considering that
sovereign yields with maturities of three months and five years are priced
without error.

We fix VIX as the American macro factor since it presents the best ex-
planatory power for the simpler models analyzed in the previous subsections.
We test four specifications, which only differ with respect to the Brazilian
macro factor. The first specification takes the BM&F slope as the Brazilian
macro factor. This is a very natural choice because this slope is the observ-
able Brazilian factor that best explains the yield variations according to the

16In order to verify the sensitivity of the results to the loss rate, we tested other values
(` = 25% and ` = 75%) in the macro-to-yield with default model. From a qualitative
point of view the results were very similar.
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macro-to-yields models. The second use the logarithm of the Ibovespa in US
Dollars. This variable combines in single factor the information of two sources
of uncertainty that present fairly good explanatory power in the macro-to-
yield without default framework. Finally, although Brazilian domestic yields
present little effect, we consider the 3-month and 3-year Brazilian yields as
domestic factors just to implement a robustness test.

Table 6 contains statistical measures of some versions of the bilateral
model. Their likelihoods have increased in relation to the previous models,
which indicates that the second macro factor and the bilateral dynamics add
information and improve the in-sample fit, with the specification containing
the Ibovespa presenting slightly higher likelihood. Also, the mean measure-
ment errors of yields decreased to about 50 basis points. The unobservable
factor θ2 can still be interpreted as the level of the sovereign curve, but θ1 is
in some cases uncorrelated to the slope.

Table 7 reports the variance decomposition of {1m, 3y, 20y}-yields for
forecast horizons of one and nine months ahead. In line with the preliminary
models, the VIX is again the most important macro factor influencing the
yields. The effect is stronger on the long end of the curve. Among the
domestic variables, only the BM&F slope presents significant explanatory
power. Note that the latent factor related with the level of the sovereign
curve is responsible for a large amount of yield variations. This suggests
the existence of idiosyncratic sources of uncertainty in the sovereign yield
curve that are not explained by the observable factors used in our model.
This result is in agreement with the findings of Ang and Piazzesi (2003) and
Diebold et al. (2006).

Table 8 presents the variance decomposition of the default probabilities.
We now analyze in more details the 9-month horizon decomposition, since
in this case the effect of the initial condition is attenuated. Note that in
all specifications, the US latent factor (approximately the Fed short rate)
shows almost no effect on short-term default probabilities. However, for the
long-term (20 years), it is the principal factor, explaining around 80% of
changes of implied default probabilities nine months ahead. The effect of
the VIX is smaller over the long-term, but about 50% of changes in implied
short-term default probabilities are attributable to changes in this observable
factor. Among the domestic factors, only the slope of the Brazilian local term
structure has a relatively important effect, accounting for 11% of changes in
implied short-term default probabilities. Thus, we can conclude that, given
our model and sample, the domestic rates, and also the Ibovespa are not
relevant sources driving default probability movements.

Figure 3 compares the evolution of the 1-year survival probabilities (one
minus default probabilities) over the sample period. It can be seen that
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changing the domestic macro factor does not significantly alter the probabil-
ities. Observe that all versions capture the Brazilian electoral crisis in the
second half of 2002, with the y.o. model having the largest impact on survival
probability. The 1-year ahead survival probabilities fell from an average of
85% to around 70%, recovering later to around 90%.

In order to gauge the response of yields due to an unexpected change in
state variables, we calculate impulse response functions17. Figures 4, 5 and
6 show the effect of a shock to US latent factor (θUS

1 ), VIX and observable
domestic factors (BM&F yields and slope and Ibovespa in US Dollars), re-
spectively, on the Brazilian {3m, 3y, 20y}-yields up to 18-months after the
shock. The size of the shock is one standard deviation of a monthly variation
of a state variable. In the next three months after a shock on VIX, yields
rise about 1% and then fall. Changes in either the domestic short or long
rate do not result in changes of the sovereign yields. The same is true for
the domestic stock exchange index (Ibovespa). However, a positive BM&F
slope shock causes an increase in the yields. This may indicate a change of
expectations of a future rise in inflation.

We now turn to survival probabilities. Figures 7, 8, 9 show the impact of a
one deviation increase of a monthly variation of the US latent factor, VIX and
observable domestic factors, respectively, on the survival probabilities in the
next three months, three years and twenty years. It shows that the survival
probability falls by up to 4% in relative terms due to a shock in the Fed short
rate. An increase in VIX also decreases the survival probability about 1.5%
in relative terms. Among the domestic factors, only the BM&F slope has
some impact, decreasing the long-term survival probability by about 0.7% in
relative terms.

6 Conclusion

We proposed a model that combines an affine yield dynamics with macro
factors and credit risk. The model was estimated in two steps using the US
and Brazilian sovereign yield curves. The credit spreads, the macro factors
and the US yield curve have contemporaneous and lagged interaction. We
were able to test how selected domestic and external macro factors such as
the Brazilian Real/US Dollar exchange rate, VIX (volatility index of S&P),
Ibovespa (São Paulo stock exchange index) and domestic yield curve influ-
ence the spreads and default probabilities. The model was identified before
making restrictions motivated by economic assumptions. Our findings indi-

17Appendix B presents some results concerning the impulse response functions applied
to our model.
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cate that the VIX and US yield curve are the most important factors driving
the Brazilian sovereign term structure and default probabilities. This result
is consistent with the fact that credit risk premia of sovereign bond are highly
correlated with the US economic conditions. The VIX has a high impact on
20-year bond yields and on short-term default probabilities, while the fed
fund rate has high explanatory power on the long-term default probabili-
ties. Among the domestic factors, only the slope of the local yield curve
shows a significant effect on the Brazilian credit spread. However, a signif-
icant portion of variations in yields and default probabilities are explained
by an unobservable factor highly correlated with the level of the Brazilian
sovereign curve. Due to lack of an extensive historical dataset, we estimated
a continuous-time version with daily observations, which limited the choices
of macro variables. Future work can test monthly models, allowing the use of
important variables such as Central Bank reserves, real activity and inflation.
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Appendix A - Model identification

Here, we show how to identify the parameters of a Gaussian affine model
with macro factors and credit spreads. This approach is based on the study
of Dai and Singleton (2000).

First we consider the default-free case. Suppose there are p macro vari-
ables M and q latent variables θ. The vector X = (M, θ) follows a Gaussian
affine dynamics:

dXt =

[
dMt

dθt

]
=

[
KM,M KM,θ

Kθ,M Kθ,θ

]([
ξM
ξθ

]
−
[
Mt

θt

])
dt

+

[
ΣM,M ΣM,θ

Σθ,M Σθ,θ

] [
dW P

M(t)
dW P

θ (t)

]
= K(ξ −Xt)dt+ ΣdW P(t). (13)

The instantaneous short-term rate is given by rt = δ0 + δ1 · Xt while the
market price of risk obeys Equation 6. Hence, the dynamics of X in the risk-
neutral measure is dX = K?(ξ?−Xt)dt+ ΣdWQ(t) and the yield curve is an
affine function of X, Yt(τ) = A(τ) + BM(τ)Mt + Bθ

t (τ)θ = A(τ) + B(τ)Xt.
The parameter vector is denoted by Ψ = (δ0, δ1, K, ξ, λ0, λ1,Σ).

Some of the above parameters must be arbitrarily fixed, otherwise there
are multiple solutions to the estimation problem since we can define operators
that preserve the likelihood as shown below.

Let L ∈ R(p+q)×(p+q) be a non-singular matrix and v ∈ Rp+q a vector such
that

L =

(
I 0
α β

)
and v =

(
0
vθ

)
,

where I ∈ Rp×p is the identity matrix, α ∈ Rq×p, β ∈ Rq×q, and vθ ∈ Rq.
Consider the following maps:

TL,v{Ψ, X} =
{(δ0 − δ′1L−1v, (L′)−1δ1, LKL

−1, v + Lξ, λ0 − λ1L
−1v, λ1L

−1, LΣ), LX + v}
(14)

and
TO{Ψ, X} = {(δ0, δ1, K, ξ, λ0, λ1,ΣO

′), X}, (15)

where O ∈ R(p+q)×(p+q) is a rotation matrix.

Proposition 1 The operators TL,v and TO preserve the likelihood of the
affine model defined above under the Chen-Scott (1993) estimation procedure.

Proof
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The log-likelihood L of the affine model under the Chen-Scott (1993)
inversion is

L(Ψ, X) = logfY (Yt1 , ..., YtH |Ψ, X) =

logfX(Xt1 , ..., XtH |Ψ) + logfu(ut1,...,utH ) + log| det Jac|H−1 =

(H − 1)log| det B̄θ|+
∑H

t=2 logfXt|Xt−1(Xt|Ψ) + logfu(ut) =

(H − 1)log| det B̄θ| − 1
2
(H − 1)log det

[
∆t
(
e−K∆t

)
ΣΣ′

(
e−K∆t

)′]
+
∑H

t=2 logfu(ut)− 1
2

∑H
t=2(Xt − µ)′

[
∆t
(
e−K∆t

)
ΣΣ′

(
e−K∆t

)′]−1

(Xt − µ),

where µ = e−K∆tξ + (1 − e−K∆tξ)Xt−1, ∆t = ti − ti−1 ∀i, H is the sam-
ple size, and B̄θ(·) is evaluated at the time to maturities of yields without
measurement errors (see Equation 12).

We begin by proving that L(Ψ, X) = L(TL,v(Ψ, X)). The strategy of the
proof is to analyze what happens with each of the four terms of the log-
likelihood when the operator TL,v is applied. First, note that the expression
under the last summation symbol is preserved. The transformation of µ is

µ(TL,v(Ψ, X)) = e−LKL
−1∆tLξ +

(
1− e−LKL

−1∆t
)
LXt−1 =

Le−K∆tL−1Lξ + (1− Le−K∆tL−1)LXt−1 = Lµ.

Then, applying TL,v on the last summation expression of the log-likelihood,
we have

(LXt − Lµ)′
[(

e−LKL
−1∆tLΣ

√
∆t
)(

e−LKL
−1∆tLΣ

√
∆t
)′]−1

(LXt − Lµ)

= (Xt − µ)′L′
[(
Le−K∆tL−1LΣ

√
∆t
)(

Le−K∆tL−1LΣ
√

∆t
)′]−1

L(Xt − µ)

= (Xt − µ)′L′
[
L′−1

(
e−K∆tΣ

√
∆t
)′−1 (

e−K∆tΣ
√

∆t
)−1

L−1

]
L(Xt − µ)

= (Xt − µ)′
[(

e−K∆tΣ
√

∆t
)′−1 (

e−K∆tΣ
√

∆t
)−1
]

(Xt − µ).
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The second term of the log-likelihood changes to

−1
2
(H − 1)log det

[(
e−LKL

−1∆tLΣ
√

∆t
)(

e−LKL
−1∆tLΣ

√
∆t
)′]

=

−1
2
(H − 1)

{
log det

[(
e−K∆tΣ

√
∆t
)(

e−K∆tΣ
√

∆t
)′]

+ 2log detL

}
=

−1
2
(H − 1)[log det

[(
e−K∆tΣ

√
∆t
)(

e−K∆tΣ
√

∆t
)′]
− (H − 1)log detL.

(16)
It is easy to see that

(H − 1)log| det B̄θ| (TL,v(Ψ, X)) = (H − 1)log| det β−1B̄θ|

= (H − 1)log| det B̄θ|+ (H − 1)log| det β−1|.

Since detL = det β, the last term that appeared in (16) cancels out with the
last term in the expression above.

Moreover, it is also easy to see that ut does not change under the trans-
formation TL,v.

Finally, L(Ψ, X) = L(TO(Ψ, X)) since the only expression affected by the
rotation is preserved:[(

e−K∆tΣO′
√

∆t
)(

e−K∆tΣO′
√

∆t
)′]−1

=

[(
e−K∆tΣ

√
∆t
)(

e−K∆tΣ
√

∆t
)′]−1

.

2

Therefore, there are infinite parameter vectors with the same likelihood.
Hence, before estimation through the maximum likelihood method, some pa-
rameters must be fixed. On the other hand, the imposition of over-identifying
restrictions may produce sub-optimal results that distort the impulse re-
sponse functions. The model can be considered identified if all the degrees
of freedom of the model, which are given by α, β, vθ and O, are eliminated.

Note that vθ can always be used to set ξθ = 0. In addition, the rotation
O implies that Σ must be a triangular matrix for a given state vector order.
Hence, we choose Σθ,θ and ΣM,M to be lower triangular and ΣM,θ = 0. Finally,
α and β can be set so that Σθ,θ = I , ΣM,θ = 0, and Kθ,θ is lower triangular.
This completes the identification of the default-free case.
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We now turn to the case with default. Formally speaking, the reduced
credit risk model of Duffie and Singleton (1999) is simply a higher-dimensional
affine model and the same identification procedure can be applied. There are,
however, two subtleties involved.

The first is that there are natural restrictions that can be placed to the
default model coming from economic considerations. For instance, we have
considered that the American yield curve and macro factors affect the Brazil-
ian curve, but not vice versa. However, the model must be first identified
from the econometric point of view before additional restrictions are imposed,
otherwise the same parameters might be fixed twice, leaving unresolved de-
grees of freedom.

The second point is that in the default-free case was illustrated supposing
that the macro factors are “more endogenous” than the latent factors. In
the default case, X = (θUS,MUS,MBR, θBR), thus the American latent fac-
tors come before the Brazilian factors, which would in principle change the
operator TL,v and consequently the degrees of freedom. The other inversion,
namely the American macro vector coming after the latent vector, is due to
the fact that only the VIX is considered and it does not interfere with the
identification procedure.

However, since we use a two-step procedure, the parameters and state
factors related to the American term structure are estimated first. So, we
can think of the American latent factors as if they were “macro” factors and
proceed to the identification considering that M̃BR = (θUS,MUS,MBR) is in
fact the macro vector for the default case.

In summary, the economic restrictions impose that δr1 = (δr,US
1 , 0) and

that the matrix K is block-triangular, which means that Brazilian factors do
not affect American factors. Therefore the identified Σ is given by:

(
Σ̃MM 0

0 I

)
, where Σ̃MM =

 I 0 0

0 ΣUS,US
M,M 0

ΣBR,US
M,θ ΣBR,US

M,M ΣBR,BR
M,M

 .

Appendix B - Impulse Response and Variance

Decomposition

One way to evaluate the impact of macro shocks on the term structure of
interest rates and default probabilities is through impulse response functions
(IRF) and variance decompositions (VD). In continuous time, the evolution
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of the state vector is given by

Xti|ti−k
= e−K(ti−ti−k)Xi−k +

k−1∑
l=0

∫ ti−k+l+1

ti−k+l

e−K(ti−u)ΣdW P
u .

The stochastic integral is Gaussian with zero mean and variance

E

[∫ ti

ti−1

e−K(ti−u)ΣdW P
u

]2

=

∫ ti

ti−1

e−K(ti−u)ΣΣ′(e−K(ti−u))′du. (17)

When ∆t = ti−ti−1 is small, the variance is approximately e−K∆tΣΣ′(e−K∆t)′∆t.
Hence, the response of Xt to a shock εt in a time interval of ∆t is

Σ
√

∆tεt e−K∆tΣ
√

∆tεt e−2K∆tΣ
√

∆tεt e−3K∆tΣ
√

∆tεt ...
t+ 0 t+ 1 t+ 2 t+ 3 ...

(18)

Similarly, the response of the yield Yt = A+BXt is given by

BΣ
√

∆tεt Be−K∆tΣ
√

∆tεt Be−2K∆tΣ
√

∆tεt Be−3K∆tΣ
√

∆tεt ...
t+ 0 t+ 1 t+ 2 t+ 3 ...

(19)
and the response of the logarithm of the survival probability, log Pr(t, τ) =
aPr + bPrXt, is

bPrΣ
√

∆tεt bPre−K∆tΣ
√

∆tεt bPre−2K∆tΣ
√

∆tεt bPre−3K∆tΣ
√

∆tεt ...
t+ 0 t+ 1 t+ 2 t+ 3 ...

(20)
In Section 5 we work with a shock of one standard deviation of a monthly

variation of a factor. This means that
√

∆t =
√

21/252 considering a 252
day-year.

To find the variance decomposition, we must calculate the mean squared
error (MSE) of h-periods ahead error Xt+h − EXt+h|t:

MSE =

∫ t+h

t

e−K(t+h−u)ΣΣ′(e−K(t+h−u))′du.

Hence, the contribution corresponding to the jth factor in the variance de-
composition of Xt+h, Yt+h(τ) and log Pr(t+ h, τ) at time t are

V Dj(X) =
∫ t+h
t

e−K(t+h−u)ΣjΣ
′
j(e
−K(t+h−u))′du,

V Dj(Y ) = B′(τ)
(∫ t+h

t
e−K(t+h−u)ΣjΣ

′
j(e
−K(t+h−u))′du

)
B(τ),

V Dj(log Pr) = bPr′(τ)
(∫ t+h

t
e−K(t+h−u)ΣjΣ

′
j(e
−K(t+h−u))′du

)
bPr(τ).

(21)
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VIX LEX LIBOV B1m B3y Bsl F1m F10y Fsl
L/H 44.7 44.3 44.3 44.8 44.8 45.0 47.5 47.5 47.1
ρ1,s 0.20 0.37 0.29 0.59 0.56 0.57 0.66 0.69 0.61
ρ2,l 0.99 0.83 0.98 0.94 0.94 1.00 0.94 0.84 0.94

MAE 54 66 56 62 62 58 62 61 62

Table 1: Summary of results of the macro-to-yield without
default model.

This table presents the log-likelihood divided by the number of observations
(L/H), the mean (for the nine maturities) of the absolute measurement
errors in basis points (MAE), and the correlations between factor 1 (θBR

1 )
and the slope of the Brazilian sovereign yield curve (ρ1,s) and between factor
2 (θBR

2 ) and the level of the Brazilian sovereign yield curve (ρ2,l). The
macro-to-yield without default model presents only one observable factor
in each specification. They are (1) VIX; (2) logarithm of the BR Real/US
Dollar exchange rate (LEX); (3) logarithm of the Ibovespa (LIBOV); (4)
BM&F 1-month yield (B1m); (5) BM&F 3-year yield (B3y); (6) BM&F
slope (Bsl) = B3y - B1m; (7) Fed 1-month yield (F1m); (8) Fed 10-year
yield (F10y), and (9) Fed slope (Fsl)= F10y - F1m.
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Yields
1-month ahead

VIX LEX LIBOV B1m B3y Bsl F1m F10y Fsl
3m 15 7 1 0 0 16 0 0 0
3y 23 9 0 0 0 23 0 4 0
20y 54 9 6 0 0 50 0 8 0

Yields
9-months ahead

VIX LEX LIBOV B1m B3y Bsl F1m F10y Fsl
3m 31 7 22 0 0 46 0 0 6
3y 46 11 13 0 0 61 0 10 7
20y 69 14 21 0 0 79 0 16 7

Table 2: Variance decompositions of the macro-to-yield with-
out default model.
This table presents the proportion (in percent) of the 1-month and 9-month
ahead forecast variance of the {3m, 3y, 20y}-yields attributable to each ob-
servable factor. The macro-to-yield without default model presents only
one observable factor in each specification. They are (1) VIX; (2) loga-
rithm of the BR Real/US Dollar exchange rate (LEX); (3) logarithm of
the Ibovespa (LIBOV); (4) BM&F 1-month yield (B1m); (5) BM&F 3-year
yield (B3y); (6) BM&F slope (Bsl) = B3y - B1m; (7) Fed 1-month yield
(F1m); (8) Fed 10-year yield (F10y), and (9) Fed slope (Fsl)= F10y - F1m.
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y.o. VIX Bsl Fsl B3y
L/H 42.1 47.0 48.2 49.9 47.8
ρ1,s 0.28 0.37 0.42 -0.17 0.19
ρ2,l 0.99 0.97 0.98 0.96 0.86

MAE 68 53 50 59 54

Table 3: Summary of results of the macro-to-yield with de-
fault model.

This table presents the log-likelihood divided by the number of observations
(L/H), the mean (for the nine maturities) of the absolute measurement
errors in basis points (MAE), and the correlations between factor 1 (θBR

1 )
and the slope of the Brazilian sovereign yield curve (ρ1,s) and between
factor 2 (θBR

2 ) and the level of the Brazilian sovereign yield curve (ρ2,l). The
macro-to-yield with default model presents one observable factor, one latent
factor driving the US curve and two latent factors driving the Brazilian
curve. The observable factors are (1) VIX; (2) BM&F slope (Bsl) = B3y -
B1m, (3) Fed slope (Fsl)= F10y - F1m, and (4) BM&F 3-year yield (B3y).
The y.o. model refers to a specification in which only yields are used, that
is, a specification without observable factors.
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Model y.o. VIX Bsl Fsl B3y
Factor Yield 1m 9m 1m 9m 1m 9m 1m 9m 1m 9m

θUS

3m 0 1 0 4 0 1 0 6 1 4
3y 0 0 0 2 0 0 0 5 1 2
20y 0 0 0 1 0 0 0 5 1 2

Macro
3m - - 15 37 1 7 2 14 1 11
3y - - 25 50 2 8 1 16 0 2
20y - - 56 70 5 9 1 17 4 3

θBR
1

3m 13 26 10 8 25 14 51 23 30 32
3y 1 20 1 2 8 11 24 17 79 89
20y 18 12 9 5 7 11 2 13 85 91

θBR
2

3m 87 74 75 51 74 77 47 57 68 53
3y 99 80 74 47 89 80 75 63 20 7
20y 82 88 35 24 88 80 96 65 10 4

Table 4: Variance decompositions of the yields of the macro-
to-yield with default model.

This table presents the proportion (in percent) of the one month and nine
months ahead forecast variance of the {3m, 3y, 20y}-yields attributable
to each observable factor in the macro-to-yield with default model. The
macro-to-yield with default model presents one observable factor, one latent
factor driving the US curve and two latent factors driving the Brazilian
curve. The observable factors are (1) VIX; (2) BM&F slope (Bsl) = B3y -
B1m, (3) Fed slope (Fsl)= F10y - F1m, and (4) BM&F 3-year yield (B3y).
The y.o. model refers to a specification in which only yields are used, that
is, a specification without observable factors.
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Model y.o. VIX Bsl Fsl B3y
Factor Term 1m 9m 1m 9m 1m 9m 1m 9m 1m 9m

θUS

3m 0 0 0 1 0 0 1 4 0 1
3y 0 1 19 60 0 0 4 4 12 25
20y 0 1 69 92 5 6 3 3 51 65

Macro
3m - - 54 61 5 9 4 18 8 25
3y - - 48 26 9 10 20 22 10 26
20y - - 19 5 9 9 22 23 9 9

θBR
1

3m 22 28 9 7 15 12 34 19 12 21
3y 27 29 6 3 12 11 17 15 11 18
20y 27 29 2 1 11 11 15 15 11 24

θBR
2

3m 78 72 37 30 80 79 62 60 70 56
3y 73 71 27 11 79 78 60 59 45 31
20y 73 71 10 02 74 74 59 59 16 6

Table 5: Variance decompositions of the default probabilities
of the macro-to-yield with default model.

This table lists the contribution (in percent) of each factor to the one month
and nine months ahead forecast of the {3m, 3y, 20y} default probabilities
within the macro-to-yield with default model. The macro-to-yield with
default model presents one observable factor, one latent factor driving the
US curve and two latent factors driving the Brazilian curve. The observable
factors are (1) VIX; (2) BM&F slope (Bsl) = B3y - B1m, (3) Fed slope
(Fsl)= F10y - F1m, and (4) BM&F 3-year yield (B3y). The y.o. model
refers to a specification in which only yields are used, that is, a specification
without observable factors.
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VIX Bsl VIX LIBOV-EX VIX B3m VIX B3y
L/H 52.5 55.6 52.9 52.9
ρ1,s 0.48 0.86 0.08 0.04
ρ2,l 0.93 0.96 0.92 0.93

MAE 47 51 46 46

Table 6: Summary of results of bilateral model with default.

This table presents the log-likelihood divided by the number of observations
(L/H), the mean (for the nine maturities) of the absolute measurement
errors in basis points (MAE), and the correlations between factor 1 (θBR

1 )
and the slope of the Brazilian sovereign yield curve (ρ1,s) and between
factor 2 (θBR

2 ) and the level of the Brazilian sovereign yield curve (ρ2,l).
The bilateral model with default presents one observable American factor
(VIX), one latent factor driving the US curve, two latent factors driving
the Brazilian curve and one observable Brazilian factor. The observable
Brazilian factors are (1) BM&F slope (Bsl); (2) logarithm of the Ibovespa in
US Dollars (LIBOV-EX) (3) BM&F 3-month yield (B3m), and (4) BM&F
3-year yield (B3y).

33



Model VIX Bsl VIX LIBOV-EX VIX B3m VIX B3y
Factor Yield 1m 9m 1m 9m 1m 9m 1m 9m

θUS

3m 0 2 1 3 1 2 1 3
3y 0 1 0 5 0 1 0 1
20y 0 0 0 4 0 0 0 0

MUS

3m 2 20 2 21 4 26 4 32
3y 2 23 4 21 5 33 5 39
20y 27 38 36 16 20 48 20 53

MBR

3m 2 7 0 0 0 2 1 1
3y 3 10 0 1 0 2 0 1
20y 3 9 0 0 0 1 1 2

θBR
1

3m 38 22 68 50 76 12 17 9
3y 13 9 19 52 3 4 2 1
20y 2 4 5 70 0 1 0 1

θBR
2

3m 58 48 29 25 19 57 77 56
3y 81 57 76 21 91 61 93 58
20y 67 49 59 9 80 50 79 43

Table 7: Variance decompositions of the yields of the bilateral
model with default.

This table presents the proportion (in percent) of the one month and nine
months ahead forecast variance of the {3m, 3y, 20y}-yields attributable to
each observable factor in the bilateral model with default. The bilateral
model with default presents one observable American factor (VIX), one
latent factor driving the US curve, two latent factors driving the Brazilian
curve and one observable Brazilian factor. The observable Brazilian factors
are (1) BM&F slope (Bsl); (2) logarithm of the Ibovespa in US Dollars
(LIBOV-EX) (3) BM&F 3-month yield (B3m), and (4) BM&F 3-year yield
(B3y).
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Model VIX Bsl VIX LIBOV-EX VIX B3m VIX B3y
Factor Term 1m 9m 1m 9m 1m 9m 1m 9m

θUS

3m 0 0 2 2 0 0 0 0
3y 7 21 21 59 8 29 9 29
20y 47 73 80 93 51 79 52 78

MUS

3m 19 32 16 31 29 42 34 56
3y 31 31 26 18 36 33 55 51
20y 18 11 7 3 20 10 29 16

MBR

3m 8 11 0 0 1 3 1 1
3y 11 10 1 1 3 3 2 2
20y 6 3 0 0 1 1 1 1

θBR
1

3m 21 12 61 49 11 9 6 3
3y 11 6 38 16 9 7 1 0
20y 6 2 10 3 5 2 0 0

θBR
2

3m 52 44 22 18 59 46 59 39
3y 41 31 14 6 43 29 33 17
20y 24 11 3 1 23 8 18 5

Table 8: Variance decompositions of the default probabilities
of bilateral model with default.

This table lists the contribution (in percent) of each factor to the one month
and nine months ahead forecast of the {3m, 3y, 20y} default probabilities
within the bilateral model with default. The bilateral model with default
presents one observable American factor (VIX), one latent factor driving the
US curve, two latent factors driving the Brazilian curve and one observable
Brazilian factor. The observable Brazilian factors are (1) BM&F slope
(Bsl); (2) logarithm of the Ibovespa in US Dollars (LIBOV-EX) (3) BM&F
3-month yield (B3m), and (4) BM&F 3-year yield (B3y).

35



Figure 1: US and Brazilian sovereign yields.
This figure contains time series of US (top panel) and Brazilian sovereign
(bottom panel) yields with time to maturity of 3 and 6 months, 1, 2, 3, 5,
7, 10 and 20 years between February 17, 1999 and September 15, 2004.
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Figure 2: Observable variables.
This figure contains time series of variables used as observable factors in our
model between February 17, 1999 and September 15, 2004. The upper left
panel shows the evolution of the VIX (implied volatility of S&P 500 index
options). The upper right panel presents the logarithm of the Brazilian
Real/US Dollar exchange rate. The lower left panel presents the logarithm
of the Ibovespa, and the lower right panel shows the Brazilian domestic
zero-cupon yields with time to maturity of 1, 3 and 36 months.
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Figure 3: Survival probabilities.
This figure shows the 1-year survival probabilities extracted from some
versions of the bilateral model and from y.o. model between February 17,
1999 and September 15, 2004. The bilateral model with default presents
one observable American factor (VIX), one latent factor driving the US
curve, two latent factors driving the Brazilian curve and one observable
Brazilian factor. The observable Brazilian factors are (1) BM&F slope
(Bsl); (2) logarithm of the Ibovespa in US Dollars (LIBOV-EX) (3) BM&F
3-month yield (B3m), and (4) BM&F 3-year yield (B3y). The y.o. model
refers to a specification in which only yields are used, that is, a specification
without observable factors.
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Figure 4: Impulse response of shocks to Fed factor on yields.
This figure shows the effect of a shock to Fed factor (θUS

1 ) on the Brazilian
sovereign yields with maturities of three months, three years and twenty
years up to 18-month after the shock. The size of the shock is one standard
deviation of a monthly variation of the Fed factor. The responses are
evaluated considering the bilateral model. The bilateral model with default
presents one observable American factor (VIX), one latent factor driving the
US curve, two latent factors driving the Brazilian curve and one observable
Brazilian factor. The observable Brazilian factors are (1) BM&F slope
(Bsl); (2) logarithm of the Ibovespa in US Dollars (LIBOV-EX) (3) BM&F
3-month yield (B3m), and (4) BM&F 3-year yield (B3y).
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Figure 5: Impulse response of shocks to the VIX on yields.
This figure shows the effect of a shock to the VIX on the Brazilian sovereign
yields with maturities of three months, three years and twenty years up to
18-month after the shock. The size of the shock is one standard deviation of
a monthly variation of the VIX. The responses are evaluated considering the
bilateral model. The bilateral model with default presents one observable
American factor (VIX), one latent factor driving the US curve, two latent
factors driving the Brazilian curve and one observable Brazilian factor. The
observable Brazilian factors are (1) BM&F slope (Bsl); (2) logarithm of the
Ibovespa in US Dollars (LIBOV-EX) (3) BM&F 3-month yield (B3m), and
(4) BM&F 3-year yield (B3y).
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Figure 6: Impulse response of shocks to observable Brazilian
factors on yields.
This figure shows the effect of a shock to observable Brazilian factors on
the Brazilian sovereign yields with maturities three months, three years
and twenty years up to 18-month after the shock. The size of the shock
is one standard deviation of a monthly variation of the observable factor.
The responses are evaluated considering the bilateral model. The bilateral
model with default presents one observable American factor (VIX), one
latent factor driving the US curve, two latent factors driving the Brazilian
curve and one observable Brazilian factor. The observable Brazilian factors
are (1) BM&F slope (Bsl); (2) logarithm of the Ibovespa in US Dollars
(LIBOV-EX) (3) BM&F 3-month yield (B3m), and (4) BM&F 3-year yield
(B3y).
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Figure 7: Impulse response of shocks to Fed factor on survival
probabilities.
This figure shows the effect of a shock to Fed factor (θUS

1 ) on the three
months, three years and twenty years survival probabilities up to 18-month
after the shock. The size of the shock is one standard deviation of a monthly
variation of the Fed factor. The responses are evaluated considering the
bilateral model. The bilateral model with default presents one observable
American factor (VIX), one latent factor driving the US curve, two latent
factors driving the Brazilian curve and one observable Brazilian factor. The
observable Brazilian factors are (1) BM&F slope (Bsl); (2) logarithm of the
Ibovespa in US Dollars (LIBOV-EX) (3) BM&F 3-month yield (B3m), and
(4) BM&F 3-year yield (B3y).
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Figure 8: Impulse response of shocks to the VIX on survival
probabilities.
This figure shows the effect of a shock to the VIX on the three months,
three years and twenty years survival probabilities up to 18-month after
the shock. The size of the shock is one standard deviation of a monthly
variation of the VIX. The responses are evaluated considering the bilateral
model. The bilateral model with default presents one observable American
factor (VIX), one latent factor driving the US curve, two latent factors
driving the Brazilian curve and one observable Brazilian factor. The ob-
servable Brazilian factors are (1) BM&F slope (Bsl); (2) logarithm of the
Ibovespa in US Dollars (LIBOV-EX) (3) BM&F 3-month yield (B3m), and
(4) BM&F 3-year yield (B3y).
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Figure 9: Impulse response of shocks to observable Brazilian
factors on survival probabilities.
This figure shows the effect of a shock to observable Brazilian factors on
the three months, three years and twenty years survival probabilities up to
18-month after the shock. The size of the shock is one standard deviation of
a monthly variation of the observable factor. The responses are evaluated
considering the bilateral model. The bilateral model with default presents
one observable American factor (VIX), one latent factor driving the US
curve, two latent factors driving the Brazilian curve and one observable
Brazilian factor. The observable Brazilian factors are (1) BM&F slope
(Bsl); (2) logarithm of the Ibovespa in US Dollars (LIBOV-EX) (3) BM&F
3-month yield (B3m), and (4) BM&F 3-year yield (B3y).
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