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Dekel, Lipman, and Rustichini (2001) show that preferences over menus of
lotteries can be represented by the use of a unique subjective state space and
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to a comparative theory of preference for flexibility. Without the finiteness
of the subjective state space, Bayesian updating is characterized by a more
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1 Introduction

The issue of updating ones preferences on uncertain alternatives on the face of
additional information is a topic that is extensively studied in individual decision
theory. In particular, the Bayesian underpinnings of such updating are well under-
stood within the realm of the Savagean theory of decision making, where the state
space is regarded as exogenously given. When, however, the decision model at hand
regards the state space as endogenous, as in the recently developed dynamic theory
of choice over menus, the foundations for the notion of Bayesian updating become
much less transparent. In a nutshell, the paper is an attempt to provide such a

foundation by using the notion of preference for flexibility.

Consider the following situation. At 11 AM Jane has to choose a place for her
evening drink with her friends. Suppose the only way places vary is in the menu
of drinks they offer and Jane always has only one drink. Let X be the set of all
possible drinks and X be the set of all conceivable drink menus, each menu being
represented by capital letters A, B, C, etc.. Asin Kreps (1979), we assume that Jane
has a well-defined preference relation 7~ on X and this relation exhibits preference

for flexibility in the sense that, for any two menus A and B,
A D B implies A 77 B.
Moreover, we assume that her preferences admit the following representation:

A Biff ZW(S)IE?X(U(I’,S)ZZ?T(S)ID&XU(.I,S), (1)

zeB
seS seS

where S is a finite state-space, 7w is a probability measure on S and U is a state-
dependent utility function. The interpretation is that Jane is uncertain about the
future and, in particular, she is not sure what kind of drink she will be in the mood
for in the evening. The representation above thus says that she chooses a place
that maximizes the expected utility she can get from the place’s drink menu, with

respect to some prior m about her future tastes.

At lunch, Jane will meet with her friends and one of them is going to be selected
as the designated driver for the evening. If Jane gets to be the designated driver,
and only in that situation, she would very much appreciate if the place they went
had orange juice, with the other drinks being unimportant. We represent the “Jane

being the designated driver situation” by the state s* € S. If we use the letter j



to represent the orange juice alternative, the discussion above can be formalized as
follows:
U(j,s")>U(z,s") and U (y,s") = U (2,5"),

for all x,y € X distinct from j, and
U(js) <Ulz,s),

for all z € X and s € S, distinct from j and s*, respectively.

Suppose, now, instead of choosing a place in the morning, Jane first goes for
lunch with her friends and at that occasion she is informed that she will not have
to drive that evening. In terms of the representation above, this is equivalent to say
that she learns that the state s* will not happen. Finally, we assume that Jane is
Bayesian, so, upon learning that state s* is no longer a possibility, she uses Bayes
rule to update her prior about the states of the world. Except for that, she follows

(1) to make her decision about where to go for drinks in the evening.

The situation described in the previous paragraphs is entirely standard in eco-
nomics. Indeed, were the state-space S observable by the modeler, we could eas-
ily axiomatize Jane’s Bayesian behavior by a Dynamic Consistency like condition.
However, in the preference over menus literature, the state-space is not part of the
specification of the model, being instead derived as part of the representation of
the agent’s preferences. For that reason, an axiomatization of Bayesian updating
in the present setting is bound to be related to conditions that have a completely
different interpretation. The main goal of the present paper is to provide such an
axiomatization and discuss the conditions related to Bayesian updating when the

primitives of our model consist of preference relations over a space of menus.

Obviously, without an exogenously specified state-space, we cannot write a con-
dition that explicitly deals with the fact that Jane receives new information at lunch.
Nonetheless, the fact that she is Bayesian still implies some consistency conditions
relating her preferences before and after lunch. To organize the discussion, let 77,
represent her preference before lunch and -, the one after lunch. Now suppose that
A and B are two menus such that A =5 B, but B =~ A. That is, before lunch she
considers menu B at least as good as menu A, but after she learns that she will not
have to drive in the evening, menu A becomes strictly more attractive than B. We
note that, by (1) and the assumption that Jane is Bayesian, this can happen only if
Jj € B, but j ¢ A. Intuitively, the only difference between Jane’s preferences before



and after lunch is that after lunch she no longer cares whether the place she goes has
orange juice or not. So, if her before lunch preference relation values menu B more
than her after lunch relation, it has to be because B offers exactly the alternative

that loses its value once Jane learns she will not have to drive that evening.

Following the insight provided by this example, we investigate in this paper the
Bayesian updating behavior when the state-space of the model is subjective. We
work in the setup of Dekel et al. (2001) —henceforth DLR— and our main condition
is a generalization of the idea discussed in the previous paragraph. In words, our
condition says that if menus A and B are such that A =5 B, but B =1 A, then it
must be the case that 7~; sees some gain in flexibility when moving from menu A
to menu A U B that 75 does not see. In our example, this corresponds to the fact
that 7-; considers it worthwhile to have the option j in menu B, while for 75 this

is entirely irrelevant.

When 77; and 75 satisfy this condition, we say that 7=, is a less flexibility loving
version of 7—1. The upshot of the present paper is that this condition is intrinsically
related to the possibility of representing 75 as a Bayesian update of 77;’s represen-
tation. If the state-space used in the representation of 7~; is finite, we show that this
connection is tight, that is, being a less flexibility loving version of =1 is necessary
and sufficient to make 7~ representable by a Bayesian update of 7~;’s representation.
Without the finiteness of the state-space used in 77;’s representation, an additional

technical condition is necessary in order to obtain a similar result.

In more abstract terms, this paper can be also seen as relating a comparative
theory of preference for flexibility to Bayesian updating. DLR show that for a pair
of relations 77; and 7~» that can be represented as in (1), if 7-; values flexibility more
than 7o, then the state-space used in the representation of =~ is larger than the
one used in the representation of 7~5. We discuss this result formally in Section 3
bellow, but it is worth noting here that the results in this paper may be seen in the
garb of an extension of that analysis. Basically, our “less flexibility loving version”
condition may be interpreted as saying that >~; values flexibility more than 77, and,

in some sense, this is the only difference between this two relations.

In terms of the literature, the results here are related to two groups of papers.
First, they can be seen as contributing to the extensive literature on updating. Of
course, it departs from the tradition, since most of that literature works in a standard

Savagean setup with an exogenously given state-space.!

!See Epstein and Le Breton (1993), Ghirardato (2002) and the references therein, for a discus-



On the other hand this paper is related to the preferences over menus litera-
ture.? This literature had an increase in popularity after the works of DLR and Gul
and Pesendorfer (2001). In that literature, however, only a few papers have per-
formed exercises similar to the one performed here, by way of studying how some
comparative notion relating a pair of menu preferences affects the properties of a
given model. For example, Gul and Pesendorfer (2001) show that a self-control
preference 7~; has more self-control than another such preference 77, if and only if
~5’s temptation ranking is closer to her “temptation free preference” than =;’s. In
a similar fashion Sarver (2008) links two different measures of regret attitudes to

interesting properties of his regret representation.

The remainder of our paper is organized as follows. We discuss the primitives of
the model and revisit some results of DLR, Dekel, Lipman, Rustichini, and Sarver
(2007) ~henceforth DLRS- and Dekel, Lipman, and Rustichini (2008) —~henceforth
DLR2- in Section 2. In Section 3, we present the comparative theory of preference
for flexibility that will be later related to Bayesian updating. In particular, we
define the fundamental notion of a less flexibility loving version. Next, in Section
4, we prove our first result relating the notion of a less flexibility loving version to
Bayesian updating in the finite state-space case. Section 5 extends the analysis in
Section 4 to the case of an infinite state-space. The Bayesian updating result found
in Section 5 characterizes Bayesian updating only when the observed event satisfies
a certain topological condition. For completeness, we give a general characterization
of Bayesian updating in Section 6, but for that we have to pay the cost of working
with further technical conditions. Section 7 concludes. We relegate most of the

proofs to the appendix.

2 Preference for Flexibility and Additive EU Representations

In this section we briefly revisit some results from DLR and DLRS that we shall

need for our subsequent analysis. We first describe the primitives of their model.

Let X be a finite set of alternatives and A (X)) the space of lotteries (probability

distributions) on X. We view A (X) as a metric subspace of R¥! and represent its

sion of Bayesian updating in the classic Savagean framework. For a discussion of non-Bayesian
updating rules, see Epstein (2006) and Epstein, Noor, and Sandroni (2008). On updating in the
context of the multiple priors model of Gilboa and Schmeidler (1989), see Epstein and Schneider
(2003), Gilboa and Schmeidler (1993), Hanany and Klibanoff (2007) and Siniscalchi (2006).

2See Kreps (1979), Nehring (1999), Gul and Pesendorfer (2001) and DLR.



elements by p,q,r, etc..® Let X represent the space of nonempty closed subsets of
the relative interior of A (X). That is, X is the set of all nonempty closed subsets
of A (X)) that include only lotteries with full support. We consider binary relations
=~ on X. As usual, we denote the symmetric part of 7~ by ~ and the asymmetric
part by . The elements of X are represented by capital letters A, B, C, etc., and

are called menus.

The idea here is that an agent whose preference relation is 7~ faces a two-period
decision problem. In the first period she chooses a menu knowing that in the next
period she will have to make a choice from that menu. Following DLR, we do not
explicitly model the agent’s second period choice, leaving it as part of the interpre-

tation of the results presented in this section.

2.1 Representations

The uncertainty of the agent about her future tastes is modeled by a probability
measure over a set of possible ex post utility functions. As in DLR, we impose the
restriction that each ex post utility function be of the expected utility type. Because
expected utility functions are only unique up to positive affine transformations, it
is convenient to impose a normalization on the set of ex post utility functions we
use in our representations. Consequently, we define the set of normalized expected

utility functions on A (X) as

|X| X
U= uER'X‘:Zui:Oand Zu?zl
i=1 i=1

Just like A (X), we view U as a metric subspace of R/,

We are now ready to introduce the concept of a Positive Additive Expected Utility

representation that will be extensively used in this paper.

Definition. We say that a binary relation 7 on X has a Positive Additive Ex-
pected Utility (PAEU) representation, y, if 4 is a Borel probability measure
on U such that the function W : X — R, which is defined by

W(A) := | maxE, (u) p(ds),

3Since X is finite, this is equivalent to endow A (X) with the topology of weak convergence.



represents = .4

In what follows we shall also have the opportunity to consider PAEU represen-

tations in which only a finite number of states are relevant for the agent’s decisions:
Definition. We say that a binary relation = on X" has a finite PAEU represen-

tation, p, if u is a PAEU representation of >~ with finite support.

2.2 Axioms and Representation Theorems

We now present the postulates that characterize when a binary relation 7~ on X
admits a PAEU or a finite PAEU representation.

Axiom 1 (Preorder). = is a complete preorder on X.

Axiom 2 (vNM Continuity). For any menus A, B,C with A = B = C, there exist

two numbers, o and 3 in (0,1) such that

A®,C=B»A®zCP

Axiom 3 (Independence). For any two menus A and B,
A= B implies A®, C = B &) C,

for any A € (0,1] and C € X.

Axiom 4 (Nontriviality). There exist two menus A and B such that A > B.

These properties are extensively discussed in DLR and DLRS, so we shall not
elaborate on them here. In addition to these four postulates, here we will also work
with the assumption that the binary relation 77 satisfies the monotonicity property
introduced by Koopmans (1964).

Axiom 5 (Monotonicity). For any two menus A and B,

B C A implies A 7 B.

4Here E, (u) represents the expectation of the random variable on RI¥| that takes value u; with
probability p;, i = 1,...,|X|.

® Notation: For any two menus A,B and A € [0,1], by A &, B we mean the set
{peA(X):p=Xg+ (1 —X)r for some g € A and r € B}.

9



This property is what Kreps (1979) refers to as preference for flexibility. The
interpretation comes from the idea that the agent chooses today a menu from which
she will have to make a choice tomorrow. With regards to this interpretation, the
Monotonicity axiom says that the agent always likes the flexibility of having more

options to choose from in the future.

In their seminal contributions, DLR and DLRS prove that an individual whose
preference relation on X abides by the above five postulates is guaranteed to have

a PAEU representation.

Theorem 1 (DLRS). A binary relation =, on X satisfies Preorder, vNM Continuity,
Independence, Nontriviality and Monotonicity if and only if it has a unique PAEU

representation.’

Motivated by this result, we call =~ a PAEU preference whenever it satisfies

Preorder, vNM Continuity, Independence, Nontriviality and Monotonicity.

Some of the results in this paper will be derived under the assumption that =~
has, in fact, a finite PAEU representation. The following condition, found by DLR2,

characterizes this case.

Axiom 6 (Finiteness). Fvery menu A has a finite subset C' such that A ~ C.
This property is powerful enough to guarantee that a PAEU preference admits

a finite PAEU representation.

Theorem 2 (DLR2). A binary relation 77, on X satisfies Preorder, vNM Continuity,
Independence, Nontriviality, Monotonicity and Finiteness if and only if it has a

unique finite PAEU representation.

Throughout the present paper we refer to a binary relation on X that satisfies

the six postulates in the statement of Theorem 2 as a finite PAEU preference.

3 Comparative Desire for Flexibility

In this section we discuss some comparative notions of desire for flexibility. We
begin with the following definition due to DLR.

6 Actually, DLRS do not state this result in terms of the normalized space U as we do here.
Instead, they write it in terms of a generic measurable space and a generic state-dependent utility
function. As it is clear from the proof in their paper, however, a binary relation 7 on X has a
representation in terms of generic measurable state and state-dependent utility function if and only
if it has a representation in terms of the normalized state-space used here.

10



Definition. We say that a binary relation 7~; on X’ values flexibility more than
some other binary relation 7—5 on X if and only if, for any two menus A and B with
B CA,

A =9 B implies A =1 B.

In words, 77; values flexibility more than 7—5 if in any situation where 7~ strictly
prefers the flexibility of having more options, so does 7~;. When ~; and -5 are PAEU

preferences, one can show that this property has a rather intuitive characterization.

Lemma 1. Suppose =1 and 7o are PAEU preferences with representations p, and

Iy, Tespectively. Then, =1 values flexibility more than 7o if and only if

supp (f1y) S supp () .*

This result says that 7~; values flexibility more than =5 if and only if every future
state considered possible by 75 is also considered possible by 7~;. The “if” part of
this fact is, of course, straightforward. We prove its “only if” in the Appendix, but,
in passing, we note that the needed argument basically consists of showing that if
supp (19) \ supp (p1) # 0, then it is possible to find two menus A and B with B C A
such that A =5 B, but A ~; B.

In DLR we find a more general version of Lemma 1. First, instead of writing
the result in terms of the normalized set U, they state it in terms of a generic state
space and a suitable topology on the space of expected utility preferences on A (X).
Moreover, they show that the assertion is true for a class of binary relations larger
than the class of PAEU preferences. The simpler version of the result stated here,

however, will be enough for our purposes.

Now, let A and B be any two menus such that A C B. We want to be able to
say that 71 values the flexibility provided by the extra options in B more than 775.

We are going to represent such a situation by the binary relation > defined below.

Definition. For any two menus A and B, we say that B > A, if and only if A C B

and there exists a menu C such that

AUC ~y BUC, but AUC <, BUC.

" Notation: For a given probability measure u we use supp (1) to represent the support of .

11



We call > the Extra-flexibility relation and note that it is an asymmetric
binary relation on X (The dependence of > on 7; and 75 is suppressed in our

notation for simplicity.)

In the definition above, the presence of the options in C' makes the flexibility
gained with the extra options in B worthless for 7—,. However, 7~; sees the oppor-

Y

tunity of choosing from that larger menu in the future as a strict improvement.

When 77; and 77, are PAEU preferences, the Extra-flexibility relation has an

interesting characterization.

Lemma 2. Suppose 771 and 7o are preferences with PAEU representations p, and
Ly, Tespectively, and define S; := supp (u;) for i = 1,2. For any two menus A and
B such that A C B, we have B > A if and only if there exists some u € Sy \ Se such
that
E E :
max Fp (u) > max B, (u)

This result says that the existence of a situation where 75 does not see any gain
in having the possibility of choosing from the larger menu, B, while 7Z; does, is
equivalent to the existence of some state, considered possible only by ¢, at which

~

it is strictly better to make a choice from B than from A.

Above, we learned how to characterize when - values flexibility more than 5.
That definition is valid even if the differences between ~—; and =5 go far beyond
the way they value flexibility. In some cases, it might be interesting to be able to
say that the only difference between 7—; and 775 is the fact that 77; values flexibility
more than 7-,. One way to capture this idea is to require that any disagreement
between 7~; and -5 be only a consequence of >~;’s higher desire for flexibility. The

definition below formalizes this discussion.

Definition. We say that 75 is a less flexibility loving version of 77 if for any
menus A and B,
A9 Band B -1 Aimply AU B > A.

Thus, if 775 is a less flexibility loving version of 71, and we have A =5 B, but
B ; A, then it must be the case that there exists at least one situation where
~9 sees no value in adding the options in B to A, but 7 still sees that as a
strict improvement. In this sense, whenever the two preferences disagree in the way
described above, we can blame the disagreement on the fact that 77, sees more value
in the flexibility achieved by adding B to A than =5 .

12



We note that if 77y and = are PAEU preferences and 75 is a less flexibility
loving version of 7, then, clearly, 7~; values flexibility more than 5. Intuitively,
if B C A, then neither 77; nor -5 see any gain in flexibility when B is added to A.
Therefore, we will never be able to find a situation where 77, sees a strict gain in
adding the options in B to A and 7~5 does not. But then, it is immediate from the
assumption that 75 is a less flexibility loving version of ~; that A >=; B if A >, B.

We summarize this discussion with the following lemma:

Lemma 3. Let 71 and 75 be two PAEU preferences. If 75 is a less flexibility loving

version of 71, then 721 values flexibility more than 7.

The next two sections will be dedicated to the characterization of the less flexi-
bility loving versions of a given PAEU preference, 7~;. We are going to see that if 77,
is a finite PAEU preference, then they correspond exactly to the preferences which
can be represented as a Bayesian update of the representation of 7—;. When =1 does
not have a PAEU representation with a finite support an additional condition will

be needed in order to obtain a similar result.

4 Finite PAEU Preferences and Bayesian Updating

In the previous section we introduced the notion of a less flexibility loving version
of a given PAEU preference ~;. That property captured the idea of a relation
differing from 7~; only because of its weaker desire for flexibility. We now show that
when 7~; has a representation with a finite support, its less flexibility loving versions
correspond exactly to the relations that can be obtained as a Bayesian update of

~1’s representation. The formal result is the following:

Theorem 3. Let =1 be a finite PAEU preference. A PAEU preference 75 is a
less flexibility loving version of 721 if and only if there exists a Borel subset T of U
such that the PAEU representation, iy, of 7=s is the Bayesian update of the PAEU

representation, py, of -1 after the observation of T.

The intuition for the result above is simple. Suppose first that the representation,

iy, of 725 is a Bayesian update of the representation, j,, of ;. Let S; := supp (),

13



for i = 1,2. It is easy to see that this implies that, for any two menus A and B,

Zﬂz maxE (w) = Z,UQ( meaécE (u)
u€Ss u€Ss P

<~
S mac By ) > Y () max B ().
u€ Sy UES?

So, if A >=9 B and B 77; A for some pair of menus A and B, it must be the case
that there exists u* € Sy \ Sy such that

E, E,
e P ) > ax B ().

By Lemma 2, we know that this implies that AU B > A. We conclude that 77 is
a less flexibility loving version of 7-;. Conversely, suppose that the representation,
Iy, Of 775 is not a Bayesian update of the representation, ji,, of 7Z;. In the appendix

we show that in this case we can always find two menus A and B such that

> iy (u) maXE () > py (u maxE(),

u€Ss u€Ss
but
Z oy (u max E,( Z oy (u meaé( E, (u)
u€eSy u€S]
and

E, > E, for all .
max F, (u) max £, (u) for all u € Sy \ Sy

Again, by Lemma 2, this implies that AU B > A is false and, therefore, 75 is not

a less flexibility loving version of 77,

In brief, the proof of Theorem 3 consists of showing that if it is not the case
that the representation of 75 is a Bayesian update of the representation of 7~;, then
we can always find two menus A and B such that >~; and 77, disagree about the
ranking of these two menus, but the reason for that is not ~~;’s stronger desire for
flexibility. This makes the behavioral implications of the Bayesian updating result

in Theorem 3 intuitive and easy to understand.

The tight connection between the concept of a less flexibility loving version and
Bayesian updating for finite PAEU preferences naturally makes one wonder if such
a result remains true when the finiteness assumption is dropped. Unfortunately, as

Example 1 bellow shows, this is not the case.

14



| S,

Figure 1

Example 1. Suppose | X| = 3. In this case U is simply a circle of radius one and
center (0,0, 0) located on the hyperplane that is parallel to the simplex and touches
the origin. Let i, be a prior over U whose support, S, is an arc of this circle (for
simplicity we represent this arc as a line segment in Figure 1). We also assume that
1, has a unique mass point, u*, located somewhere between the two extremities of
the arc S;. Now consider another prior, u,, whose support, Ss, is an arc that goes
from one of the extremities of the arc S; to the point u* (See Figure 1). Finally, we

assume that p, and p, satisfy

Ho (V) _ M1 (V)
py (Sa\{w})  py (S2\ {u*})

,forall V. C S\ {u"},

and

pa ({u*}) oy ({u"})

pa (S \{ur}) 240 (S2\ {u})’

Now consider the PAEU preferences 77, and 775 induced by the priors p; and ps,
and let A and B be any two menus such that AU B > A is false. By Lemma 2, we

know that this is equivalent to say that

max E, (u) > max E, (u) for all u € S\ Ss.

It is not hard to see that this implies
max E, (u*) > max E, (u”).

peEA peEB

But then,

/ <maXEp () —maXEp(m) 1 (du) > / (mapr (1) — max E, (u)) i, (du)

peA peEB peA pEB
Sl S2
> _
> o [ (maeEy 0) = max B, () ()
Sa

15



Less Flexibility
Loving Version Finite State-space

Bayesian Updating

Theorem 4 Theorem 6

Q O

Figure 2

where

ACAR o)
e (S )

It is now clear that if A =5 B, which is equivalent to say that

peEA

/52 (max E, (u) — max E, (u)> 11y (du) > 0,

then

/sl (max By (u) ~ max £, <U>> pa (du) > 0,

peA P

which is equivalent to A >=; B. That is, 75 is a less flexibility loving version of

Zi- [

Example 1 shows that being a less flexibility loving version of ~~; is not enough to
make 7~ representable as a Bayesian update of 7—;’s representation when 2-; does not
necessarily satisfy Finiteness. This leaves us with two open questions, represented
by the diagram in Figure 2. First of all, we may investigate the consequences of
the less flexibility loving version concept when the finiteness assumption is dropped.
This is the subject of Section 5, where we will see that although such a concept is not
powerful enough to deliver a full Bayesian updating result in the infinite state-space

case, it is still related to some quasi-bayesian property linking the representations
of i:l and r>\_’2.

Of course, alternatively, one could abandon the concept of a less flexibility loving
version and simply focus on the characterization of Bayesian updating for generic
PAEU preferences. We do that in Section 6. Unfortunately, the conditions that

16



deliver such a result are more technical and harder to interpret than the property

of being a less flexibility loving version.

5 Less Flexibility Loving Versions of an Infinite PAEU Preference

We now characterize the less flexibility loving versions of a generic, not necessarily
finite, PAEU preference, 7-;. Although it is no longer true that any less flexibility
loving version, ~», of 7~; can be represented as a Bayesian update of 7-; 's represen-
tation, we will see that this property is still related to some quasi-bayesian behavior

from the part of 7Zo. We first present the formal result and discuss it afterwards.

Theorem 4. Suppose -1 and 7o have PAEU representations ji, and piy, respectively.
Define Sy := supp (p,). Then, 7= is a less flexibility loving version of 721 if and only
if there exists a closed subset, T, of S1 such that uy (T') = 1 and either intg, (T') = ()
or, for any Borel subset V of U,

pa (V) < g (V)

: < _ , with equality if V C intg, (T).® 2
bz (ints, (1)) = 7 (ims, (1) st 2

So, the theorem above says that if 75 is a less flexibility loving version of =,
then we can find a closed subset, T', of the state-space used to represent 77; such
that 7—5’s representation will act as a Bayesian update of 77;’s representation in the
interior of 7'. We note that if y, were a Bayesian update of p; after the observation
of intg, (T), then, for events V' € S; \ ints, (T") we would have p, (V) = 0. On the
other hand, if u, were a Bayesian update of p, after the observation of 7', then we
would have (2) satisfied with equality even for the events V C T'\ intgs, (T'). So, for
events in T\ intg, (T'), 11, assigns probabilities that lie in between what a Bayesian
updater that had observed intg, (T') and what a Bayesian updater that had observed

T would assign.

We note that Example 1 can be perfectly mapped into the conditions in Theorem
4. If we define T to be S in that example, then intg, (T') = Sz \ {u*} and it can be
easily checked that condition (2) in Theorem 4 is satisfied.

In fact, Example 1 points out to the main reason why the concept of a less

flexibility loving version does not imply a full Bayesian updating result when 7 is

8 Notation: By intg, (T) we mean the interior of T relative to the metric subspace S;.
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not a finite PAEU preference. This is a consequence of the continuity of

E, (.

I?e%i( p ( ) )

when viewed as a function from U to R, for any menu A. Because of that, whenever
we have two menus A and B such that AU B > A is false, which, by Lemma 2, is
equivalent to

Illjleaj( E, (u) > I;leaé( E, (u) for all u € S\ Sa,

we in fact have

max F, (u) > max E, (u) for all u € ¢l (S; \ S3) .*

peEA peEB
We can now see that if u, acts as a Bayesian update of p, inside intg, (S2), we are
no longer capable of finding two menus A and B that contradict the fact that > is

a less flexibility loving version of 77; the same way we did in the proof of Theorem
3.

We now discuss a possible way to strengthen Theorem 4 to a full Bayesian
updating result. The idea here will be to impose a condition that guarantees that
the left-hand side of (2) is null whenever V' C U \ intg, (T). It turns out that
this is related to a sort of independence condition between the relations - and >>.

Formally, we consider the following property:

Definition. For any two PAEU preferences, 7~; and =5, we say that 75 is strongly
independent from > if and only if for any two menus A and B, A =5 B implies
that there exists a set D € XU {0} such that

A=y BUD,but AUBUD > BUD is false.

Loosely speaking, the condition above says that it can never be the case that the
reason for 7~ to prefer a menu A to a menu B is the extra flexibility that 7~ sees in
A, when compared to 7~5. The axiom presents a strong version of this idea. It asks
that whenever -5 strictly prefers a menu A to a menu B, it must be possible to add
options to menu B in a way that it eliminates any extra flexibility 7~; might see in
A, but it still does not reverse 7~5’s preference. It turns out that this postulate is too
strong for our objectives, so we need to weaken it by instead of asking the above to

be immediately true, we allow first for the mixing of A and B with some other menu

9 Notation: For any set T, by cl (T') we mean the closure of T
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C. Formally, we work with the following weaker version of the definition above:

Definition. For any two PAEU preferences, 7~; and 775, we say that 7~ is inde-
pendent from > if and only if for any two menus A and B, A >, B implies that
there exist menus C' and D and number A € [0, 1) such that

C@yA=s (CoyB)UD,but [C®,(AUB)|UD > (C @) B)UD is false.

Given the representations of 7~; and =5, we have that for any menu C' and
Aef0,1),

So, this new condition, besides being a genuine weakening of the previous one, still
carries the same interpretation. As we have pointed out before, when added to the
requirement that 7~» be a less flexibility loving version of -1, the condition above

delivers a Bayesian updating result in the spirit of Theorem 3.

Theorem 5. Suppose -1 and 7o have PAEU representations pi, and piy, respectively,
and let Sy := supp (). Then 7o is a less flexibility loving version of 71 that is
independent from > if and only if there exists a set T that is reqularly open in the

subspace Sy such that ., is the Bayesian update of ji, after the observation of T.1°

In the appendix (Lemma 7) we prove that 7~ is independent from > if and only if
o (Se el (Sy\ S2)) = 0.1 If Sy C Sy, this is equivalent to say that pu, (intg, (S2)) =

1. The theorem above is, therefore, an easy corollary of this fact and Theorem 4.

Theorem 5 uses an auxiliary condition to relate the concept of a less flexibility
loving version to a particular Bayesian updating result relating two PAEU prefer-
ences. It leaves open the question about which condition, if any, would generically
characterize Bayesian updating. In the next section we provide such a condition.
Unfortunately, that condition is more technical and far less intuitive than the prop-

erty of being a less flexibility loving version.

6 Infinite PAEU Preferences and Bayesian Updating

So far, our main goal has been to characterize the less flexibility loving versions of

a given PAEU preference, ;. We now depart from that goal and, instead, aim at

1 Given a topological space Z, a subset O of Z is regularly open if and only if O = int (cl (O)).
"Tn the language of Example 1 this means simply u, ({u*}) = 0.
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finding a condition that generically characterizes when a PAEU preference 75 can
be represented as a Bayesian update of the PAEU representation of =~;. We begin

with a definition.

Definition. Consider a PAEU preference, 7~. We say that a pair of menus C' and D
preserve ~~ in the limit if, for any two menus A and B with A > B, there exists
A € (0,1) such that

CarAUD Gy (AUB)| = (CeyB)U[D &y (AU B),
for all A € (/_\,1).
Note that, for any A € (0,1),
A=B <= Co\A=Coy\B,

but, of course, the addition of the term [D &, (A U B)] could, in general, reverse the
preference above. The definition above says that C' and D preserve 7 in the limit

if the term [D @) (A U B)] is always inconsequential when A is large enough.

We now use the definition above to write the condition that generically charac-

terizes Bayesian updating in the present setting.

Definition. For a pair of PAEU preferences, 7~; and 775, we say that 7, can be
extracted from 7~ if for any pair of menus A and B with A >, B we can find a

number A\ € (0,1) and menus C' and D that preserve =, in the limit such that
(CorA)UD @y (AUB)| =1 (CorB)U[D @y (AU B)], (3)
for all A € (/_\, 1) )

As we have already mentioned, this condition gives a general characterization of

Bayesian updating for PAEU preferences.

Theorem 6. Suppose -1 and 7o have PAEU representations pi, and piy, respectively.
Then 75 can be extracted from 71 if and only if there exists a Borel subset T of
supp (p1,) such that either py (T) = 0 and py (T) = 1 or p, is the Bayesian update
of py after the observation of T.

The interpretation of Theorem 6 is simple. Whenever 7~5 can be extracted from

1, we can represent 25 as being an instance of 7~; after having learned that the
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event 1" occurred. If 7—; assigns probability zero to the event T', then the theorem
does not impose any restriction on 775’s beliefs over 7. However, whenever p, (7)) > 0
and, therefore, Bayesian updating is well-defined, 7~» makes use of the Baye’s rule

to update ;.

7 Conclusion

We studied updating in the absence of an exogenously specified state-space. We
worked in the framework of Dekel et al. (2001), where the state-space is endogenously
obtained as part of the representation of a preference relation over menus. In that
environment, we proved results that connected Bayesian updating to a comparative

theory of preference for flexibility.

The analysis in this paper is essentially static, so a natural way to extend the
results here is to embed them in a truly dynamic model. Also, we only work with the
model that can be considered to be the correspondent, in the preference over menus
literature, to the standard subjective expected utility model in a Savagean world.
The same way the updating theory is extended to other models when the state-
space is exogenously given, it would also be interesting to see which implications
the conditions here would have for some of the alternative models that have been

studied in the preferences over menus literature.!?

A  Proofs

A.1 Preliminaries

In this section we collect a series of results that will be useful for the proof of the

theorems in the main text. As we did in the main text, define

X X
U:= uER'X‘:Zui:Oand Zu?zl
i=1 i=1

For any menu A, the support function o4 : Y — R is defined by

o4 (u) :=max E, (u), for each u € U.
pEA

12 A natural candidate would be the menu preferences version of the maxmim model proved by
Epstein, Marinacci, and Seo (2007).
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It is easy to show that the map that associates to each menu its support function is

injective. If 7~ has a PAEU representation with prior u, then, for any two menus A
and B,

AZ B — /OA (u) p (du) > /O’B (u) p (du) .
u u
The following lemma collect some standard results about support functions:

Lemma 4. For any two menus A and B, the following conditions are satisfied:*?

1. oxar(-xB = Aoa+ (1 =X)og for any X € [0,1];
2. caup=0aVop;!

3. dHausdorff (A7 B) = dSupnorm (OAa aB) .

Now, let C'(U) be the space of continuous functions over U endowed with the

supnorm distance. It is well known that
Cy:={0oa:Aisamenu} CC(U).

We are also going to work with the following subsets of C' (i) :

H:= | rC,
r>0
and
H*:=H —H.

DLR prove that H* satisfies the following properties:

Lemma 5. H* satisfies the following conditions:

1. H* is a linear subspace of C'(U);
2. For any f € H*, there exists > 0 and 01,09 € C, such that f =r (01 — 03);

3. The set H* is dense in C' (U) .

13 All properties can be easily checked from the definition of a support function. The first two
can be found in Rockafellar (1997), chapter 13.
M That is, for any u € U, o aup (u) = max{o4 (u),op (u)}.
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A.2 A Useful Lemma

Let C' and D be any two menus and let 7~ be a preference that has a PAEU repre-
sentation with probability measure p. Define a set 7' C U by

T:={ueld:oc(u)>op(u)}.

We can prove that:

Lemma 6. For any two menus A and B, define

A= O (CorA)U[D®B(AUB)] — 0(C®xB)U[D®A(AUB)]

and

~

fA = 0oy ) — T(CarB)UD®: (AUB)-

It must be the case that

1}{%1?/]43,\ /T(O'A—UB)(U),U(dU _1,{%1—/]”’\

To prove the lemma, first note that for any A,

/u 1 () () = / 1 () e (du)

Now let € > 0 and pick any closed subset 7. of T' such that u (T'\ T.) < /2. We

need the following claim:

Claim 1. There exists A € (0,1) such that for any \ € (5\, 1) and any u € T,

0 D@ (AUB) (u) < min{ocg,a (u),0ce,5 (u)}.

Proof of Claim. Since T is a compact set and o¢ and op are continuous functions
that satisfy o¢ (u) > op (u) for any u € T., we know that there exists § > 0 such
that

oc(u) > op(u) + 9,

for all w € T,. Now note that for any two menus A and B and any u € U,

15Since 11 is a Borel probability measure over the metric space U it is regular, so we can always
find such a set T-.

23



|04 (u) — op (u)] < 2. So if we make A =2/ (2 +4), for any A > )\,

OpeyauB) (u) = Aop(u)+ (1= A)oaup (u)
Aoc(u) =8)+ (1 —=A)oa(u)+ (1 =) (0aus (u) —0a(u))
O'C@AA(U)—)\(S—FZ(l—)\)

AN N A

OC®\A (u).

Of course, the very same reasoning shows that opg,aup) (v) < 0ce,s (1), so the

claim is proved. I

So, for any A € (5\, 1),

[P @@ < [ P wntn)
- / (0cers = ocews) ) + [ £ )
< / (Ccona — Ocoyp) (u) i (du)
+ / , (oconm — o(cs,m) ()1 ()

- a-w|/f (o= ow) (wn(dn) + [

T\T.

(@108 03) ()
= -0 [ toaon) (ut + [ (o= o) (ol
< (1= [ [ a0 o) + 207\ 1)

< (1-)) :/T(UA—UB)W)M(du)H}.
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Similarly,

/waumwu) > /wau)u o

N / (0(cara) — o(canm) (u) g (du) + f* () p (du)

€ T\Te

> / (0(conn) — o(cass) () p (du)
+ /T\TE $U(C®)\A) — 0 (caxauny ) (1) p(du)

-0y / (7= p) (wn(d) + / L @a= ) <u>u<du>}

- -y [ (oa=am) wtan) + [ =) <u>u<du>]

> (=8| [ (04— am) () () 20T\ T»]

S (1= :/T(UA—UB)W)M(du)—a}

But this means that for any A\ € (5\, 1) we have

| a=om@nta+= > lA/fA() (@)
> /f*
> /T (04— 0g) (u) o (du) — .

This completes the proof of the lemma. [ |

A.3 Proof of Lemma 1

Obviously, if supp (1) =: Sz C Sy := supp (i), then =1 values flexibility more than
75, o we only need to show the converse. But suppose that S \ S; # 0 and let E
be any closed sphere in the interior of A (X).! Define menus A and B by

B:= |J argmax E, (u)

ueS1 peE

That is, let E C A (X) be such that E = {q € RI¥I : d(p,q) < a} for some p € int (A (X))
and a > 0 small enough.
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and A := E.!7 Tt is easy to see that 04 (u) = o (u) for all u € Sy, which implies that
B ~; A. On the other hand, op (u) < 04 (u) for all u € Sy \ S;. This implies that
B <5 A and, therefore, it is not true that 77; values flexibility more than 77,. |

A.4 Proof of Lemma 2

Suppose that there exists u* € Sy \ Sy with op (u*) > 04 (u*). We first note that
for any u,v €e Y and p € A (X),

Ep (u) — Ep ()] < d(u,v). (4)

We can now prove the following claim:

Claim 1. Let € := (op (u*) — 04 (u*)) /4. There exists 0 < § < 2 such that for any
u € U satisfying d (u, —u*) < § we can find q, € A (X) with

E, (uv)<op(u*)—¢

and
Eq, (u) 2 op (u).

Proof of Claim. Since support functions are continuous, we know that there exists
0 < 01 < 2 such that op (u*) —28 > 04 (u) for any u such that d (u, u*) < §;. Define
d :=min {d1,&}. For any u such that d (—u,u*) < 9, pick

€ E, (u).
Gu € aTg MAX, ¢ (u)

By construction we have
Ey, (u) 2 —oa(=u),

which implies that

Ey, (-u) = —E, (u)
< oa(-u)

< OB (U*) — 2¢.

17Since F is a sphere, it is easy to see that each expected-utility function has a unique maximizer
in E. Moreover, no ¢ € F maximizes two different expected-utility functions in U.
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By (4) we have
| By, (—u) — By, (u)] < d(—u,u’) <E

Combining the two conditions above we get

E, (u") <op(u*)—¢.
Since obviously E,, (u) > op (u), this completes the proof of the claim. [

Now consider the following set
T:={ueSy:0p5(u)>0a(u)}.

We also need the following claim:

Claim 2. There exists &€ > 0 such that for any u € T such that d(—u,u*) > 0,
where the & here is the one found in the claim above, there exists q, € int (A (X))
with the property that

~

E, (u) <op(u*)—¢&

and
Ey, (u) = op (u).

Proof of Claim. Since B C int (A (X)), we know that there exists d; > 0 such that
for any p € B and any point r € aff (A (X)) with (d(p,r))* < 6, necessarily has
to be in int (A (X)).!® Moreover, since u* € S; \ Sa, there exists 0 < §, < 2 such
that for any u € S5,

d(u,u*) > 09,
or, equivalently,
&
ut <1l — =,
u-u 5

Now observe that d (—u,u*) > § is equivalent to say that

52

—(u-u")<1——.

(w-ut) <1 &

BBy aff (A (X)) we mean the affine hull of A(X). More specifically, aff (A (X)) =

T : i):(17"i:1 .
{ c RIXI Zl \ }
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So, for any v € T with d (—u, u*) > ¢ we have

2 2 2
(u-u*)? < & := (max{ —% —%}) < 1.

Now pick an arbitrary u € T satisfying the condition above and choose some ¢ €

arg max,ecp E, (u). Define ¢, to be

1/ uu”
l—uu l—uu

First observe that ¢, -1 =1 and (d (g, qu)) = 01, 80 q, € A (X). Also, observe that

Gu-u=q-uand

b = (q_\/l—(u ey ) \/1—uu* )
_ Ja— G )1>

< q-u*—< (1—53)51>
UB(u*)—( (1—53)51).

IN

So if we make & := /(1 — 03) 0; we have the claim. I

Combining the two claims above we have the following result:

Claim 3. There exists € > 0 such that for any u € T, there ezists q, € A (X) with

the property that
E, (u") < op(u") <

and
Eq, (u) 2 op (u).

Now fix ¢ satisfying the condition in the claim above. For each u € T pick
some ¢, € A(X) such that E,, (v*) < op(u*) — ¢ and E,, (u) > op(u). From
the argument used in the proof of the previous claim we see that we can, in fact,
choose such lotteries ¢,’s in a way that they be uniformly distanced away from the
boundary of the simplex. Define C' to be the closure of the set of all ¢,’s found this
way. By what we have just discussed, C' C int (A (X)). It is now clear that for all

u € Sy we must have

0 AuC (U) = 0 AuBUC (U) )
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and this implies that AU C ~3 AU B U C. On the other hand, we have, by

construction, that

0 auc (u*) < oaupue (u*),
which implies that AUC <; AU B UC. We conclude that AU B > A.

Conversely, suppose that A is such that o4 (u) > op(u) for all u € S\ Ss.
From the representation of 7~ we know that for any menu C' such that A U C' ~y
AU B UC we must necessarily have o4,c (u) > opyc (u) for all u € S;. The fact
that 04 (u) > op(u) for all u € S; \ Sy implies that oauc (1) > opuc (u) for all
u € 51\ S. But then we have that 04,0 (1) > opue (u) for all u € Sy which implies
that AUC ~; AUBUC. We conclude that AU B ¥ A and this completes the

proof of the lemma. [ ]

A.5 Proof of Theorem 3

[Necessity] Suppose that there exists S, T, u; and u, as in the statement of the
theorem. Now suppose that A and B are such that A =5 B and B 77; A. Let
Sy := supp (). Given the representations of 7~; and 7o, it is clear that there must
exist u* € Sp \ Sy such that

op(u*) > o4 (u").
By Lemma 2, we know that this implies that B > A.

[Sufficiency] Let i, be the prior used in representation of 771 and u, be the one
used in the representation of 7Zp. By Lemmas 1 and 3, we know that supp (115) =:
Sy C Sy := supp (py). Suppose, then, that u, is not the Bayesian updating of p,
after the observation of S5. By a separation argument we can show that this implies
that there exists f € C' (U) such that

D (u) f(u) > 0>y (u) f(u).

u€Sa u€Ss

Moreover, we can find such a function f that in addition to the above also satisfies:

D (u) f(u) <0

u€ST

and f (u) = € for all u € S; \ Sy where ¢ > 0.! But then, Lemma 5 implies that

19For the details about how to find such a function, see the argument in the proof of Theorem
4. Alternatively, one can derive this direction of the proof as a straightforward corollary of that
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there exist menus A and B such that

Z piy (w) o4 (u) > Z po (u) o (),

u€ Sy UES?

Y om(woa(w) <Y (u)op(u)

u€eS u€eS

and 04 (u) > op (u) for all u € S; \ S. The conditions above imply that A >, B,
B =1 A. But now notice that for any menu C' such that AUC ~; AU BUC, we
must necessarily have o4uc (u) > opuc (u) for all u € Sy. Since 04 (u) > op (u)
for all u € Sy \ So, it must be the case that oauc (u) > opyc (u) for all u € Sy,
which implies that AU C ~; AU B U C. This contradicts the fact that 7~ is a less
flexibility loving version of 7Z;. We conclude that p, must be the Bayesian update

of i, after the observation of Ss. |

A.6 Proof of Theorem 4

[Necessity] Suppose 71, 772 have representations iy, f1, that satisfy the conditions in
the statement of the theorem and let S; := supp (y;) for i = 1,2. It is easy to see
that So = T and intg, (T') = Sz \ ¢l (51 \ S2). Now pick any two menus A and B
such that A =5 B and B 77; A. Suppose first that Sy C ¢l (S; \ S2). Since A -2 B
and B 771 A, there must exist u € Sy such that o (u) > 04 (u). If u ¢ S1\ Ss, then
u € Sy C cl(Sy\ Sz). But then, for u* € Sy \ S sufficiently close to u it must still
be true that op (u*) > 04 (u*). By Lemma 2, this implies that AU B > A. Now
assume that Sy \ ¢l (S1 \ S2) # 0 and suppose that o4 (u) > o (u) for all u € 57\ Ss.

Since support functions are continuous, this implies that

op (u) <04 (u)

for all u € ¢l (S;\ S2) as well. We can now show that our representation implies
that

,U/l(SQ \ Cl(Sl \ Sz)) /

oa—op)(u)p (du) > oa—op)(u)psy(du).
( A B)( )ul( ) = /,LQ(SQ\CZ(S]_\SQ)) ( A B)( )MZ( )

SQQCl(Sl\Sz) SzﬁCl(Sl\Sz)

To see that, let f™ be an increasing sequence of non-negative simple functions over
SaNel (S \ Ss) converging to the restriction of 4 —op to SoNel (57 '\ S2). But for

Theorem.
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any simple function f™,

S (u) py (du) = > ey ((f™)7 (e)

Szﬁcl(sl\SQ) Cefm(SQQCl(Sl\SQ))

f1y (S2\ el (S1\ S2)) S
§ pa (S2 \ el (51 52)) cefM(Szm;(sl\Sz)) pa (7 0)
= [ e,

S2Mel($1\52)

where
(fm)_1 (c):={ue€ Sencl(S1\S): f"(u)=c}.

An application of the monotone convergence theorem shows that

(02— on) () = MR TEABL [ (0~ om) ()

Sgﬁcl(sl\SQ) Sgﬁcl(sl\SQ)

But then

[ea=omm > [ oa=ow) @)m @w

S1 Sg\cl(sl\SQ)

+ / (04— o) () 1y (du)

SaNcl(S1\S2)

p (52 \ el (51 52))
> e sy L (03— o) 0 )
> 0,

where the first line uses the fact that 0 4 — o p is nonnegative in S; \ Ss and the second
uses what we have just proved together with the representation. But this contradicts
the assumption that B 77; A. We conclude that there must exist u* € S; \ Sy with
op (u*) > 04 (u*) and, by Lemma 2 again, we know that this implies that AUB > A.

[Sufficiency] Now suppose that 775 is a less flexibility loving version of 7Z; and
let p; and p, be their PAEU representations. By Lemmas 1 and 3 we know that

supp (py) =: So C Sy := supp (j17). Suppose that Sy \ ¢l (S7\ S2) # 0. We can prove
the following claim.
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Claim 1. For any Borel set V. C 89 := S5\ ¢l (51 \ S2),

iy (V)

(V)= 5y

Proof of Claim. Define the auxiliary measure fi, by
fio (V) = 1y (S9) g (V') , for any Borel set V' C U.

Clearly, the claim is equivalent to say that fi, (V) = p; (V) whenever V. C S5.
Suppose this is not true. By a separation argument we can find a function f € C (U)
such that

f () po (du) > [ f (u) iy (du) .
58 Sg

We can assume without loss of generality that
f () py (du) > 0> [ f () fip (du)
53 S3
Let a > 0 be such that |f (u)| < « for any u € U. For each i € N consider the sets

O; = {uGL{:d(u,cl(Sl\Sg)) < 1}.

(4

Observe that O; N\ ¢l (57 \ S2), so there exists i* such that

min {fsg u) py (du), fso w) fig du)}

«

pi1 (82 N Oix) 4 fig (53N O ) <

Now notice that U \ O; and ¢l (S; \ S2) are disjoint closed sets, so we can use

Urysohn’s Lemma to find a continuous function g : Y — [0, 1] such that g (u) = 1 if
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ueU\ Op and g (u) =0if u € ¢l (57 \ S2). Moreover,
w) f(u) py (du) = w) f(u) py (du w) f(u) pq (du
/ug()f()u( ) /Sﬂoﬁg()f()u( )+/S§moi*9()f()/ﬁ( )
= [ r@m@+ [ g f ) m )
S2\Ojx S2N0;+
= [ rwm@)+ [ =1 @ )

> [ S0 ) - / o, )
— /SO [ (w) py (du) — apy (S5 N O )

o f(u) py (du
> /f(U)ul(dU)—oz<f52 (;“( )>
53

Similarly,
u) f(u) fig (du) = u) f(w) fig (du u) f (u) iy (du
[o@roman = [ swrwma [ w070
_ / £ () iy (dt) + / 9 (u) f (u) iz (du)
So\O;% SN0,
= [t [ (=18 ) ()

< /f u ﬂ2<du>+/m iy (du)
_ /f ) ig (du) + afiy (S50 01)

om0

So, there exists fg =: h € C'(U) such that h(u) =0 for all u € ¢l (S; \ S2) and
[ r@ @) >0> [ hw @,
u u
Let h:=h — ¢ for some ¢ > 0 such that it is still true that

/u<h<u>—a>m<du>>o>/<h<u>—sm2<du>.

u
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Since H* is dense in C (U), we can use h to find h* € H* such that h* (u) < 0 for
all u € ¢l (S1\ S,) and

/u B () iy (du) > 0 > / B () iy (du).

u

This implies that there exist menus A, B € 22\ {()} such that

/ (05— 0.4) (u) iy (du) > 0 > / (05— 0.4) () iy (ds)
u

u

and o4 (u) > op (u) for all u € ¢l (S \ Sz). Of course, the condition above implies
that B =1 A and A =5 B. By Lemma 2, this implies that B ¥ A, which contradicts
the fact that 775 is a less flexibility loving version of 7Z;. We conclude that i, (V) =
fip (V) for any V' C 5. I

To complete the proof of the theorem we need one last claim.

Claim 2. For any Borel subset V of U,

fo (V) < py (V)
to (S8) = 1y (S5)

Proof of Claim. Suppose that there exists Borel set V' C U with

po (V) > py (V)

112 (S9) Hy (52)'

SAS)
No

Define fi, as in the previous claim. The condition above is equivalent to fi, (V) >
py (V). Since py and fi, are positive Borel measures over the metric space U and,
therefore, are regular, we can assume without loss of generality that V' is closed.
Define ¢ := (fiy (V) — p; (V) /2 and let Oy be some open subset of U such that
V C Oy and iy (Oy \ V) < §. By the Urysohn’s Lemma, there exists a continuous
function f : S — [0,1] such that f(u) = 1 for all u € V and f(u) = ¢ for all
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u € U \ Oy. This implies that

/u £ () iy (du) > /V F () fip (du)
iy (V)

W)
> [ @+ | )+ / A
> /V £ () py (dus) + /O ) )+ / G

- /uf(U)ul (du).

Let e := ([, f (u) fip (du) — [, f (u) j1y (du)). Now let F be any closed set in Sy \
cl (S1\ Ss) with pq (F') > 0 and let Op be an open subset of U such that

(fu du) + £/2)
M1,2 (F)

po (O \ F) < €/2,
and
FQOFQU\CZ<51\SQ).2O

Again we can make use of Urysohn’s Lemma to find a continuous function ¢ :

— [= (fu w) gy (du) +€/2) /py 5 (F),0] such that, for any u € F, g(u) =

(fu w) piy (du) 4 €/2) /1 5 (F) and, for any u € U\ Op, g (u) = 0. Now observe
that

Lo > - [ ([ om @+272) fuoa ()] s a0

= = [([ 7@ m @) +e2) fus ()| s 00)
= = ([ @i +272) i ()] G0aF) 4 05000\ F)

V

u) py (du) +5/2) —e/2

(o
= /f u) iy (du) — e
[ rwi

*"Notation: We write 11, 5 (F) and p; 5 (Op \ F) to indicate that p, and fi, agree for this sets.
This is a consequence of the previous claim.

<

<

35



and

f(w) py (du) —€/2.

Lo < = [ ([ r@m@+e2) fua )] m
-,

But then

(+9) @ i) = [ £+ [ g(u) ()
/ / w0
> /f ) iy (du) /f()uz(dU)

and

[Gram@) = [ fam@s [ g )
< [ rmt = [ £ -z

= —g/2.

Define h := f + g and observe that h(u) = f(u) > 9, for all u € ¢l (S7\ S2). B

Lemma 5, we know that this implies the existence of menus A, B such that

[ @a=on) @y @) > 0> [ (04=a) (w s (@0
u

u

and o4 (u) > op (u) for all u € ¢l (S, \ S2). But the conditions above imply that
A >y B, B > Aand AU B ¥ A, which contradicts the fact that 775 is a less
flexibility loving version of 77;. We conclude that we must have fi, (V') < pq (V) for
all Borel subsets V' of U. [

Making T' := S and using the two claims above concludes the proof of the

theorem. H

A.7 Proof of Theorem 5

The theorem will be a consequence of the following lemma:

Lemma 7. Let 721,70 be PAEU preferences with representations jiy, jt5 and de-
fine S; = supp(u;), i = 1,2. Then, 7o is independent from > if and only if
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1y (cl (S1\ 52)) = 0.

Proof of Lemma. Suppose p, (cl (S1\ S2)) = 0 and let A and B be two menus such
that A =5 B. Let C be any closed sphere in the interior of A (X') and define

D:= |J argmaxF,(u).
uecl(S1\S2) peC
We note that, by construction, {u € U : o¢ (u) > op (u)} = U\l (S1\ S2). For
each A € (0,1), define A= T(CaorA) — O(CarB)UDax(AuB)- By Lemma 6, we know
that

lim —— fA<u>u2<du>::b/“ (04— 05) () iy (du).

ATLL = A U\cl(S1\52) U\cl(S1\52)
Since iy (¢l (S1\ S2)) = 0, the condition above implies that

: 1 2

lim —— P @ s @) = [ (04~ 08) ()1 () >

ML T = A Junesi\se) u
So, for A sufficiently close to one, we have C' @) A =2 (C @&\ B) U [D &, (AU B).
Since obviously o (ca, ByuD®,(auB) (¥) > O(Cca,a) (u) for all u € cl (S \ S2), we also
have that [C @y (AUB)| U [D®\(AUB)] * (C®,B)U[D&y(AUB)l.2Y We

conclude that 75 is indeed independent from > .

Conversely, suppose now that pu, (¢l (57 \ S2)) > 0. Now pick any € > 0 such
that euy (S \ ¢l (S1\ 92)) < g (cl (S1\ S2) N Ss). Now pick a closed subset T of
Sy \ ¢l (S7\ S2) such that

pa (S2\ el ($1\ 82)) = 1z (T) < =z (S2\ el (S 52)

We can now use Urysohn’s Lemma to find a continuous function f : U — [—e,1]
such that f(u) = —e for all w € T and f (u) = 1 for all w € Sy Nel (S \ S2). By

construction we have

f (W) py (du) <0,
$2\cl(S1\52)

with equality only if Sy C ¢l (S; \ S2), and

f (u) pig (du) > 0.
Sa

2INote that cl(A) C int(A(X)) implies that cl(C@®yA) C int(A(X)) and
cd([C®x(AUB)U[D @y (AUB)\ (C @\ B)U[D @) (AUB)]) Cecl(C @y A).
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We can now use Lemma 5 to find menus A and B such that
/ (04— o) () pa (du) <0
So\cl(S1\S2)

and

/ (04— 05) (u) p (du) > 0.
Sa

By Lemma 2, we know that for any menus C, D and A € (0, 1] such that
[Cdy(AUB)|]UD ¥ (CdyB)UD

we must necessarily have oo, gup (4) > 0(ce,) (v) for all u € ¢l (S;\ S2). But

this implies that

/ (J(CEB/\B)UD - O-(CEB,\A)XU),U/Q(du) > / (O-(CEB,\B)UD - U(C@AA))(U),MQ(du)
So SQ\CZ(Sl\SQ)
> [ s — ocen) W(dn)
S2\cl(S1\S2)

-/ (05 — 04) () 1z (d)
SQ\CZ(S]_\SQ)
0.

v

We conclude that -5 is not independent from > and this finishes the proof of the

lemma. H

Now note that theorem 5 is a straightforward corollary of Theorem 4 and the

lemma above. |

A.8 Proof of Theorem 6

The proof will make use of the following lemmas:

Lemma 8. Let =~ be a PAEU preference with representation p. If C, D preserve p
in the limit, then u({oc > op}) = 1.

Proof of Lemma. Suppose i ({op > oc}) > 0 and let T := {op > 0¢} and a :=

p (7). Find a closed subset S of {o¢ > op} with p({oc > op}) — p(S) < du(S),

w(T)

s—r———. Now use Urysohn’s Lemma to find a continuous function
2p({oc>op})

where § =
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f:U[-6,1] such that f(u) = —0 for u € S and f(u) =1 for u € T'. Note that

Lfmnmm>>/mn—mmwc>wm

but

/{ N }f(u)ﬂ<du) < —ou (S) + (Iu ({gc > UD}) _ U(S))

< 0.

By lemma 5, we can find menus A and B such that

/aﬂ@—aﬂ@u@@>&
U

but
/ oa(u) —op(u)p(du) < 0.
{oc>op}

By Lemma 6, the second inequality implies that (C @&, B) U [D @&\ (AU B)] >~
(C @y A)U[D @) (AU B)] when A is large, while, by assumption, the first is equiv-
alent to say that A > B. This contradicts the assumption that C' and D preserve 7

in the limit and, therefore, we conclude that we must have u ({oc > op}) =1. ||

Lemma 9. Let (2, %) be a measurable space and let puy, 15 be two probability mea-
sures over (£, X). There exists S € ¥ such that py (S) = 1 and for any T C S,
o (T) =0 = i, (T') = 0.

Proof of Lemma. By the Lebesgue decomposition theorem, there exists signed mea-
sures [i, ft; such that p, = fi; + iy, iy << py and fi; L py. Since fi; L py, we
know that there exists disjoint 7", 7" such that 7" U T" = Q, [i; is zero on all mea-
surable subsets of 7" and u, (T") = 0. It is clear now that the lemma is satisfied for
S:=1T. I

Lemma 10. Let (2, %) be a measurable space and let iy, py be two probability mea-
sures over (), X). Fix a measurable set S such that puy (S) = 1 and for any mea-
surable set T C S, py (T) =0 = py (T) = 0. puy is the Bayesian update of p,
after the observation of some set only if j, is the Bayesian update of j, after the

observation of S.
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Proof of Lemma. Suppose that p, is the Bayesian update of i, after the observation
of a set S. First note that

e
1= py(5) = m(ﬁ) 5

which implies that p, (5’ \ S) = 0. Also note that pu, (S \ 5’) = 0, which by our
assumptions imply that p, (S \ S) = 0. We learn that p, (S) = 1y <S’> Now fix

any measurable set T'. Note that:

(1) =009 = = (Zm(g)m ) e

This concludes the proof of the lemma. I

Now we are ready to finish the proof of the theorem.

[Necessity] Suppose first that ~; and -, have PAEU representations iy, i,
respectively, and that there exists a Borel set T C S; := supp (1) satisfying one of
the conditions in the statement of the theorem. Fix some pair of menus A, B such
that A =5 B. We first need the following claim:

Claim 1. There exists a set T DO T such that

/T o a (u) py (dur) > / o () iy ().

T

Proof of Claim. If u, is the Bayesian update of 1, after the observation of 7', then
we can simply make T := T. Suppose, then, that z, (T) = 0 and s, (T) = 1. Since
A 5 B, we know that that o4 (u*) > o (u*) for some u* € T C S;. By continuity
of support functions, we know that in fact we must have o4 (u) > op (u) for all u

in some neighborhood of u*. This implies that

o4—op)(u)py (du) = oa—op)(u)p (du
[ eamen@mn = [ (eaow)

{oa>0p}
> 0.

Defining 7 := {04 > o5} UT completes the proof of the claim. I

Now let 7" be as in the claim above. By regularity of u,, we can find an open
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superset O of T such that

/OUA<U)M1 (du)>/03(u),u1 (du) .

o

Now let E be any closed sphere in the interior of A (X). Define the following sets:
C:=FEand D := {p € E:{p}= argmaExEq (u) for some u € U\O} :
q€

By construction, {o¢ > op} = O and, by Lemma 6, it must be the case that
(CorA)U[D @) (AUB)] =1 (C @) B)U[D ®, (AU B)] when A is large. Again,
by Lemma 6, it is clear that for any two menus A’, B’ with A" =, B’ we must
necessarily have (C @) A )U[D @&y (A" U B')| =2 (C @&\ B')U[D &, (A’ U B')] when
A is large, so that C' and D preserve 77, in the limit.

[Sufficiency| Suppose that 7—; and -5 have PAEU representations with priors i,
and 15, respectively, and suppose that 75 can be extracted from 77;. Fix any Borel
set T C U such that u, (T) = 1 and for any Borel subset 7' of T, ji,(T) = 0 =>

~

11 (T) = 0. By Lemma 9 above, we know that such a set always exists. We need the

following claim:

Claim 2. Let Sy := supp (u1). It must be the case that p, (T'NSy) = 1.

Proof of Claim. Suppose py (T'\ S1) > 0. Let E be any closed sphere in the interior
of A (X) and define

A:=F and B := {p € E:{p}= argmaExEq (u) for some u € 5'1}.
q€

Notice that, by construction, {o4 > o} =U\S; and {o4 = o5} = S;. This implies
that

/u (04— 05) (u) p (dus) = / (04— 05) (u) pa (du) > 0,

T\S1
or, equivalently, A =5 B. Now pick any two menus C, D. For each A € (0, 1), define

A= T (Cay A)U[D®A(AUB)] — O (CaxB)U[D@x(AuB)]- Now note that, for any A € (0,1),
[P = [P
u S1

= /S 1 0ty (du)
= 0



Since C, D were entirely arbitrary, this contradicts the assumption that 7~ can be

extracted from 77; and, therefore, we conclude that pu, (77N S;) = 1. I

Given the claim above, we now assume, without loss of generality, that 7' C Sj.
If 1, (T') = 0, the proof is complete, so assume that p, (7)) > 0. If u, is not the
Bayesian update of p, after the observation of T', by a separation argument, we can

find a continuous function f : U — R such that

/T f () piy (du) > 0, but / £ () 1y (du) < 0.

Let

o = max| f (u)]

[

Since 1, and p., are Borel probability measures over a metric space, they are both
regular. Therefore, we can find closed sets 77 C T and 7" C (U\T') such that

and let € > 0 be such that

L.
£ < —min
«

/T () 1, (du)

p; (T) — (1) < g/3, for i = 1,2
and
w, UNT) — p,(T") < /3, for i =1, 2.

Using Urysohn’s lemma we can find a continuous function g : & — [0, 1] such that
g(u) =0 for all u € 7" and g (u) = 1 for all u € T’. Finally, define the function h
by h := f-g. We note that h is a continuous function, so there exists menus A and
B and r > 0 such that

|7 (04 (u) —op(u) —h(u)| < % for all u € U.
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This implies that

T/M(UA(U)—UB(U))Mz(d“) > /uh( )/“LQ(du)_%g
- / f () 1 (du)
+/T\T/(f(U)g(U)—f( ) pa () — 5

Vv

/f ) pa () — iy (TAT') = 5

> / () 1y (du) — e

So A =5 B. Finally, let C' and D be any two menus that preserve 75 in the
limit. By Lemma 8, this implies that p, (7T'N{oc > op}) = 1, or, equivalently,
to (T'\{oc > op}) = 0. By construction, this implies that u, (T'\ {o¢ > op}) =0
and, therefore, y, (T) = p, (T N{oc > op}). For each A € (0,1) define f* :=

0 (C®»A)U[D®(AUB)] — O (C@»B)U[D&(AUB)|- By Lemma 6, we know that

lim — / 7 (0) py (du) /{ a0 o () ().

AL 1T — A

But now note that

(0%

/{UC>O_D} r(oa(u) —op(u))p (du) < /{UC>0D} h(w) py (du) + 5

- /Th(u)ul(dU)—/T\{ ) }h<u)u1(du)
(6%9
+ /{ UCND}\Th(U) pa (du) + =
= [ nwym )
Qe

n /{ )+
< / () 1y (du) + gy (T T)
+ap ({oo > op} \T)\T") + =

3
< / £ () oy (dus) + e
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So, for A large enough we must necessarily have
(CerxB)U[D®)(AUB)] =1 (C@yA)U[D @) (AUB),

which contradicts the assumption that 7~» can be extracted from 7~;. We conclude

that p, must be the Bayesian update of i, after the observation of 7' |
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