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Abstract

It is well known that, under uniform impatience, positive net supply assets
are free of bubbles for non-arbitrage kernel deflators that yield finite present
values of wealth. However, this does not mean that prices cannot be above
the series of deflated dividends for the deflators given by the agents’ marginal
rates of substitution, which also yield finite present values of wealth. In par-
ticular, binding no-short-sales constraints lead to positive prices of fiat money.
These monetary equilibria are Pareto improvements but they are still ineffi-
cient.
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1. Introduction

The uniform impatience assumption (see Hernandez and Santos (1996, Assumption C.3)
or Magill and Quinzii (1996, Assumptions B2, B4)), together with borrowing constraints,
is a usual requirement for existence of equilibrium in economies with infinite lived agents.
This condition is satisfied whenever preferences are separable over time and across states
so long as (i) the intertemporal discounted factor is constant, (ii) individual endowments
are uniformly bounded away from zero, and (iii) aggregate endowments are uniformly
bounded from above.

The assumption of uniform impatience has important implications for asset pricing as
it rules out speculation in assets in positive net supply for deflator processes in the non-
arbitrage pricing kernel, yielding finite present values of aggregate wealth, as Santos and
Woodford (1997) showed. The well-known example of a positive price of fiat money by
Bewley (1980) highlighted the importance of the finiteness of the present value of aggregate
wealth.

What happens if we use as deflators the agents’ inter-nodes marginal rates of substi-
tution? These deflators may fail to be in the asset pricing kernel when some portfolio
constraints are binding.! For these Kuhn-Tucker deflators, assets in positive net supply
may be priced above the series of deflated dividends and the difference may be due to the
presence of shadow prices rather than due to a bubble. Gimenez (2005) already made this
comment and Araujo, Pdscoa and Torres-Martinez (2007) worked along these lines when
addressing the pricing of long-lived collateralized assets.

To consider a simple and provocative case, we look, as in Bewley (1980), at economies
with a single asset, paying no dividends and in positive net supply. As usual, we call this
asset fiat money (or simply money), although we are quite aware that we are just looking
at its role as a store of value, i.e., as an instrument to transfer wealth across time and
states of nature. In this context and under uniform impatience, we show that money can

and will only be positively valued as a result of agents’ desire to take short positions that

Notice that under inequality constraints on portfolios, non-arbitrage (from one node to its
immediate successors) is equivalent to the existence of a positive vector of state prices solving
a linear system of inequalities relating asset prices and returns (see Jouini and Kallal (1995) or
Araujo, Fajardo and Pdscoa (2005)). The state prices that make all inequalities hold as equalities
constitute the kernel of the linear operator that defines the system, but there may be other solutions
(for example, those given by the Kuhn-Tucker multiplers).



they can not. That is, under uniform impatience, the positive price of money must be due
to the presence of shadow prices of binding constraints.

This result does not collide with the example by Bewley (1980) or the results by Santos
and Woodford (1997). It complements these results. Under uniform impatience, a positive
price of money implies that the present value of aggregate wealth must be infinite for any
deflator in the asset pricing kernel. Without uniform impatience, it would only imply an
infinite supremum for the present value of aggregate wealth, when all deflators in that
kernel are considered. However, for any Kuhn-Tucker deflator process of a certain agent,
the present value of the endowments of this agent is finite, but this deflator may fail to
be in the asset pricing kernel (when this agent has binding portfolio constraints) or the
present value of aggregate wealth may fail to be finite (when the deflator is not the same
for all agents and uniform impatience does not hold).

In Bewley’s (1980) example, the two uniformly impatient agents were not allowed to
take short positions and the economy had no uncertainty. The positive price of money was
a bubble for the unique deflator process in the asset pricing kernel and for this deflator
the present value of aggregate wealth was infinite. However, the no-short-sales constraint
was binding infinitely often. Thus, for the Kuhn-Tucker deflator process of each agent,
the fundamental value of money was positive, consisting of the shadow prices of debt
constraints.

Hence, we obtain a result that may seem surprising: credit frictions create room for
welfare improvements through transfers of wealth that become possible when money has a
positive price. However, monetary equilibria are always Pareto inefficient. Otherwise, by
definition, agents’ rates of intertemporal substitution would coincide. However, as money
is in positive net supply, at least one agent must go long, having a zero shadow price.
Thus, the shadow prices of all agents should be zero and, therefore, the price of money
could not be positive.

To clarify our results, we prove that when money has a positive value, there exists a
deflator, but not one of the Kuhn-Tucker deflators, under which the discounted value of
aggregated wealth is infinite and a pure bubble appears. That is, in our framework (that
includes Bewley (1980) model) it is always possible to interpret monetary equilibrium

as a bubble. However, when we focus on Kuhn-Tucker multipliers—deflators that make



financial Euler conditions compatible with physical Euler conditions—the positive price
of money is always a consequence of a positive fundamental value.

We close the paper with an example of a stochastic economy that does not satisfy the
uniform impatience assumption. Money is positive valued in equilibrium, although shadow
prices of debt constraints are zero. For the Kuhn-Tucker deflator processes of both agents,
aggregate wealth has a finite present value.

Our main mathematical tool is a duality approach to dynamic programming problems
that was already used in the context of long-lived collateralized assets by Araujo, Pascoa
and Torres-Martinez (2007). This approach allows us to characterize non-interior solutions
and the respective Kuhn-Tucker multiplier processes. A recent related paper by Rincon-
Zapatero and Santos (2007) addresses the uniqueness of this multiplier process and the
differentiability of the value function, without imposing the usual interiority assumptions.

The paper is organized as follows. Section 2 characterizes uniform impatience. Section
3 presents the basic model. In Section 4, we develop the necessary mathematical tools: a
duality theory of individual optimization. In Section 5 we define the concepts of funda-
mental value of money and asset pricing bubbles. Finally, Section 6 presents the results
on monetary equilibria and Section 7 an example of monetary equilibrium in an economy

without uniform impatience. Some proofs are left to the Appendix.

2. Characterizing uniform impatience when utilities are separable

In this section, we recall the assumption of uniform impatience and characterize it for sep-
arable utilities in terms of intertemporal discount factors. As a consequence, we show that
the uniform impatience assumption does not hold for agents with hyperbolic intertemporal

discounting (see Laibson (1998)).

Consider an infinite horizon discrete time economy where the set of dates is {0,1,...}
and there is no uncertainty at ¢ = 0. Given a history of realizations of the states of nature
for the first ¢ — 1 dates, with t > 1, 5; = (sg, ..., St—1), there is a finite set S(5;) of states
that may occur at date t. A vector §& = (t,5,s), where t > 1 and s € S(5;), is called a
node. The only node at ¢t = 0 is denoted by &y. Let D be the event-tree, i.e., the set of all

nodes.



Given & = (t,5,s) and p = (/,5¢,s'), we say that p is a successor of £, and we write
p> & ift >t and 5p = (54, 8,...). We write p > £ to say that g > € but g # £ and we
denote by t(£) the date associated with a node &. Let €™ ={pu € D : (u> &) A (t(u) =
t(§) + 1)} be the set of immediate successors of £&. The (unique) predecessor of £ > &y is
denoted by £~ and D(&) := {u € D : p > £} is the sub-tree with root &.

At any node £ € D, a finite set of perishable commodities is available for trade, L.
There is a finite set of infinite-lived agents, H. Fach agent h € H has at any £ € D a
physical endowment w"(¢) € Ri and has preferences over consumption plans which are
represented by a function U : ]RJLFXD — R4 U {+o00}. Aggregated physical endowments

: L
at a node § are given by Wy € RY, .

ASSUMPTION 1 (SEPARABILITY OF PREFERENCES).
Let UM(z) := > ¢eD ul(&,2(€)), where for any € € D, u(¢,) : RE — R, is a continuous,

concave and strictly increasing function. Also, Eée pu(&, We) is finite.

ASSUMPTION 2 (UNIFORM IMPATIENCE).
There are © € [0,1) and (v(p);p € D) € RY*L such that, given a consumption plan
(x(pn); € D), with 0 < x(p) < Wy, for any h € H, we have

uh (&, 2(6) +0(€) + Y ul(p, 7 w(w) > Yl (p,x(n), VE€D, Vi’ >

w>& 1243

Moreover, there is 8" > 0 such that, wh(€) > 6"v(€), V€ € D.

The requirements of impatience above depend on both preferences and physical endow-
ments. As particular cases we obtain the assumptions imposed by Hernandez and Santos
(1996) and Magill and Quinzii (1994). Indeed, in Hernandez and Santos (1996), for any
p € D, v(un) = W,. Also, since in Magill and Quinzii (1994, 1996) initial endowments
are uniformly bounded away from zero by an interior bundle w” € Ri, they suppose that

v(p) = (1,0,...,0), Vu € D.

Our characterization of uniform impatience is,



PROPOSITION 1. Suppose that Assumption 1 holds, that (We; & € D) is a bounded plan
and that there is w" € Ri \ {0} such that, w"(¢) > w", V¢ € D. Moreover, there erists
a function u" : RE — Ry such that, for any £ € D, u"(¢,-) = ﬁf(g P (Eul ("), where
6t(§) >0, (&) = Zueﬁp (1) and p"(&) = 1. For each t > 0, let st = 5h S B
Then, the function UM satisfies uniform impatience (Assumption 2) if and only if (si)i>o

1s bounded.

PROOF. Assume that (Wg;€ € D) is a bounded plan. That is, there is W € Ri such that,
We < W, V€ € D. If (s)')>0 is bounded, then there exists 3" > 0 such that, s < 3", for

each ¢t > 0. Also, since F := {z € Ri : x < W} is compact, the continuity of u” assures
u(Wtwh) —u (W)
25"

that there is m € (0,1) such that u”(z) — u(7'2) < , Vo € F,Vn' > 7.
Thus, uniform impatience follows by choosing § = 1 and v(¢) = w”, V¢ € D. Indeed, given
a plan (x(u);pn € D) € RiXD such that, z(u) < W, Vu € D, the concavity of u” assures

that, for any £ € D and ©’ > m,

> B @ () = > Bl (W ()

733 u>€

@h St — _
") (a4 ) — (W)

< Bl r"(©uM(@(©) + v(€)) = Blieyp" ()" (=(€)).

<

Reciprocally, suppose that uniform impatience property holds. Then, given (z(u); p €
D) € RE*P such that, () < W), for all 4 € D, there are (m,6") € [0,1) x Ry and
(v(p); € D) ]REXL satisfying, for any & € D, w" (&) > §"v(€), such that, for any & € D,

Z Bl (" (@ (1)) = D Bl p" (yu" (i)

ﬁt@)p e e

It follows that, for any node &,

Bl ©) Zﬁt WP (1 )= Bl (W (rw) | < o <(1 + 51h> W) :

u>€ u>€



Therefore, we conclude that, for any € € D,
1 = 1Y\
g () — ) S s < (145 )W),
t(€) =t(£)+1

which implies that the sequence (s);>¢ is bounded. O

Under the conditions of Proposition 1, if intertemporal discount factors are constant,
ie., 3 eRyy : % =c" V¢ € D, then ® <1 and s} = %, for each ¢ > 0. In this
case, the utility fun(i(tgi)on U" satisfies the uniform impatience condition.

However, even with bounded plans of endowments, uniform impatience is a restrictive
condition when intertemporal discount factors are time varying. For instance, if we con-
sider hyperbolic intertemporal discount factors, that is, ﬁth =1+ at)_g, where b > a > 0,
then the function U", as defined in the statement of Proposition 1, satisfies Assumption

1 and the sequence s goes to infinity as ¢ increases. Therefore, in this case, uniform

impatience does not hold.

3. A monetary model with uniform impatience agents

We assume that there is only one asset, money, that can be traded along the event-tree.
Although this security does not deliver any payment, it can be used to make intertemporal
transfers. Let ¢ = (¢(£); £ € D) be the plan of monetary prices. We assume that money is
in positive net supply that does not disappear from the economy neither depreciates. De-
note money endowments by ¢"(¢) € R, , at each £ € D (we often suppose null endowments
except at the initial node).

Let 2"(¢) denote the quantity of money that h negotiates at £&. Thus, if 2"(€) > 0,
she buys the asset, otherwise, she short-sales money making future promises (although we
will constrain these short-sales or even rule them out).

Let p(&) := (p(&,1);1 € L) be the commodity price at £ € D and p = (p(£);& € D).

Given prices (p,q), let B"(p,q) be the choice set of agent h € H, that is, the set of
plans (x,z) := ((z(£),2(£));€ € D) € REXL x RP . such that, at any &€ € D, the following
budget and debt constraints hold,



gy (&), y" (€ )ipq) =

p(©) (2"(&) —w"(©)) +a(©) (&) - "©) - (€)= 0,

a2 +pOM > 0,

where y(€) = (a(€), 21(€)), ¥"(&5) = (2"(& ), #(¢7) = 0 and M € RE.

Note that short-sales of money are bounded by an exogenous debt constraint.
Agent’s h individual problem is to choose a plan y" = (2", 2"") in B"(p, ) in order to

maximize her utility function U : RE*P — R, U {+o0}.

DEFINITION 1.

An equilibrium for our economy is given by a vector of prices (p,q) jointly with indi-

vidual plans ((xh, 2M)ih e H), such that,
(a) For each h € H, the plan (z",2") € B"(p,q) is optimal at prices (p,q).

(b) Physical and asset markets clear,
> (M) = (Wsa > (M@ + zh@))) .
heH heH

Note that, a pure spot market equilibrium, i.e., an equilibrium with zero monetary

price, always exists provided that preferences satisfy Assumption 1 above.

4. Duality theory for individual optimization

In this section, we determine necessary and sufficient conditions for individual optimality.

Some previous definitions and notations are necessary. By normalization, we assume
that prices (p,q) belong to P := {(p,q) € RY*P x R : (p(¢),q(¢)) € A#L+L) V¢ € D},
where, for each m > 0, the simplex A™ :={z = (z1,...,2m) € RT : >}, 2z = 1}. Given
a concave function f: X C RF — RU {—o0} the super-differential at z € X is defined as
the set of vectors p € R” such that, for all 2’ € X, f(&,2') — f(€,2) < p(2’ — x). The set
of nodes with date T in D(¢) is denoted by Dp(€), and DT(€) = U;‘::t(&) Dy(€) denotes

the set of successors of £ with date less than or equal to T'. When & = £y notations above

10



will be shorten to D and DT

DEFINITION 2.

Given (p,q) € P and y" = (2, 2") € B"(p,q), we say that (v"(£);¢€ € D) € Rf
constitutes a family of Kuhn-Tucker multipliers (associated to y") if there exist, for each
¢ € D, super-gradients u'(£) € OuM(&, 2M(€)) such that,

(a) For cvery € € D, 4*(€) b (4(€),4"(€ ) pra) = 0.
(b) The following Euler conditions hold,

Y (Op) > (&),
Y (©)p)a(€) = u'(€ "),
YP(©e©) = Y A" (walw),

pEET

where the last inequality is strict only if the associated debt constraint is binding at &.

(c) The following transversality condition holds:

Since we only know that, for any plan (p,q) € P, the choice set B"(p,q) belongs to
]RE *L 5 RP | it is not obvious that a plan of Kuhn-Tucker multipliers will exist. Thus, we
need to develop a duality theory. As individual admissible plans are determined by count-
ably many inequalities, we will construct Kuhn-Tucker multipliers using the Kuhn-Tucker

Theorem for Euclidean spaces.

First of all, we want to note that, when Kuhn-Tucker multipliers exist and are used as

intertemporal deflators, the discounted value of individual endowments is finite.

PROPOSITION 2. (FINITE DISCOUNTED VALUE OF INDIVIDUAL ENDOWMENTS)
Fiz a plan (p,q) € P and y" = (2, 2") € B"(p, q) such that UM (a") < +o0. If Assumption
1 holds then, for any family of Kuhn-Tucker multipliers associated to y", (v"(&); € € D),

we have Yee 7" (€) (p(€) wh(€) + q(€)eh(€)) < +oe.

11



PROPOSITION 3. (NECESSARY CONDITIONS FOR INDIVIDUAL OPTIMALITY)
Fiz a plan (p,q) € P and y" = (2", 2") € B"(p,q) such that U"(z") < +o0. If Assumption
1 holds and y" is an optimal allocation for agent h € H at prices (p,q), then there exists

a family of Kuhn-Tucker multipliers associated to y".

As the next corollary shows, our transversality condition (see Definition 2) is equivalent
to the requirement imposed by Magill and Quinzii (1996), provided that either short-sales

were avoided or individual endowments were uniformly bounded away from zero.

COROLLARY.
Fiz (p,q) € P. Under Assumption 1, given h € H suppose that either M = 0 or there
exrists w € Ri+ such that, at any € € D, wh(€) > w. If y* is an optimal allocation for

agent h at prices (p,q), then for any plan of Kuhn-Tucker multipliers associated to y",

(Y"(€))¢en, we have,
lim ) 4"(€)g(6)2"(¢) = 0.

T—-4o00 ¢eDy
PROOF. Let (v"(£))¢ep be a plan of Kuhn-Tucker multipliers associated to y". We know
that the transversality condition of Definition 2 holds. On the other hand, it follows

directly from the debt constraint that,

> AM©a©)"(€) = = D AMOpEOM > — (%"Ml) > AOIp©) s

§eDr €Dy §eDr
Therefore, when M = 0 we obtain the result. Alternatively, assume that for any & € D,
w"(¢€) > w. Since by Proposition 2, the sum > ¢eD A (Ep(E)wh(€) is well defined and fi-
nite, we have that > .. p, AE)|Ip(€) |l < +oo. Thus, liminfr_ > ¢eDy Y (€)q(€)2" (&) >

0 which implies, using the transversality condition of Definition 2, that

TETOO geZDT Y'(€)a(€)2"(€) = 0.

Od
We end this section with a result that determines sufficient requirements to assure
that a plan of consumption and portfolio allocations is individually optimal. Note that

the result below will assure that, when either short-sales are avoided—the Bewley(1980)

12



model—, or individual endowments are uniformly bounded away from zero, a budget
feasible plan is individually optimal if and only if there exists a family of Kuhn-Tucker

multipliers associated with it.

PROPOSITION 4. (SUFFICIENT CONDITIONS FOR INDIVIDUAL OPTIMALITY )
Fiz a plan (p,q) € P. Under Assumption 1, suppose that given y" = (2", 2") € B*(p, q)
there exists a family of Kuhn-Tucker multipliers (v"(€);€ € D) associated to y". If
lim > AMOp)M = 0,

T—400
§eDT

then y" is an optimal allocation for agent h at prices (p,q).

5. Frictions induced by debt constraints, fundamental values and bubbles

In a frictionless world, that is, where debt constraints are non saturated, there are two
(equivalent) definitions of the fundamental value of an asset. The fundamental value is
either (1) equal to the discounted value of future deliveries that an agent will receive for
one unit of the asset that she buys and keeps forever; or (2) equal to the discounted value
of rental services, which coincides with the value of deliveries, given the absence of any
friction associated to debt constraint.

These concepts do not coincide when frictions are allowed. Thus, we adopt the second
definition, that internalizes the role that money has: it allows for intertemporal transfers,

although its deliveries are zero.

PROPOSITION 5. (NON-EXISTENCE OF NEGATIVE BUBBLES)
Under Assumption 1, given an equilibrium [(p, q); ((z", 2");h € H)] , at each node £ €
D, q(&) > F(&,q,4"), where v := (¥"(€);€ € D) denotes the agent’s h plan of Kuhn-

Tucker multipliers and

F(&,0,7") = — [ waw) = D A e |,

h
7' () RED(E) vept

1s the fundamental value of money at £ € D.

13



Note that the rental services that one unit of money gives at u € D are equal to
q(p)— ZVEWL %q(u). Thus, the fundamental value of money at a node &£, as was defined
above, coincides with the discounted value of (unitary) future rental services.

On the other hand, under Assumption 1, it follows from Propositions 3 and 5 that,
given an equilibrium [(p, q); ((z", 2");h € H)], there are, for each agent h € H, Kuhn-
Tucker multipliers (v*(€); ¢ € D), such that,

h
(O =Fear)+ im Y LW
{p=g:t(u)=T}

where the second term in the right hand side is called the bubble component of ¢(§). When
q(€) > F(€,q,+") we say that fiat money has a bubble at & under 7",

Finally, we say that debt constraints induce frictions over agent h in D c D if the
plan of shadow prices (n"(u); u € D) that is defined implicitly, at each y € D, by the

conditions:

0 = n"(n (Q(u)zh(u) +p(u)M) :
P(waw) = D A"@)aw) +n"(wa(w),

vept

is different from zero.

6. Characterizing monetary equilibria

Let us see under what conditions can we have equilibria with positive price of money,
also called monetary equilibria. We assume that agents are uniformly impatient, that is,

Assumption 2 holds.

THEOREM.
Under Assumptions 1 and 2, for any equilibrium [(p, q); ((z", 2");h € H)] we have
that,

(1) If q(§) > 0 then debt constraints induce frictions over each agent in D(§).

(2) If M # 0 and some h € H has a binding debt constraint at a node p € D(E), then
q(§) > 0.

14



OBSERVATION. Item (1) is related to the result in Santos and Woodford (1997), Theorem
3.3, that asserted that, under uniform impatience, assets in positive net supply are free of
price bubbles for deflators, in the asset pricing kernel, that yield finite present values of
aggregate wealth. However, we may have a positive price of money due to the presence
of shadow prices in the Kuhn-Tucker deflator process (and, in this case, for any kernel
deflator, the present value of aggregate wealth will be infinite).

When the portfolio constraint has a negative floor, it follows from items (1) and (2)
that binding debt constraints always induce frictions, i.e., positive shadow prices. Also, if
an agent becomes borrower at a certain node in D(&), then all individuals are borrowers
at some node of D(§). In other words, in a monetary equilibrium, every agent goes short

at some node.

PROOF OF THE THEOREM.

(1) By definition, if for some h € H, (n(u); p > &) = 0 then F (&, q,7"(€))
= 0. Therefore, a monetary equilibrium is a pure bubble. However, Assumption 2 implies
that bubbles are ruled out in equilibrium. Indeed, at each £ € D there exists an agent
h = h(&) with ¢(€)z"(¢€) > 0. Thus, by the impatience property, 0 < (1 — 7)q(£)2"(€) <
p(§)v(€). Moreover, this inequality and financial market feasibility allows us to find a lower

bound for individual debt. Therefore, for each h € H, the plan (q(f)zh@) is uniformly
7008 ) e
q(8)

bounded. Furthermore, as money is in positive net supply, it follows that <p(§)v(§))£€D is

uniformly bounded too. Since by Proposition 2, for any h € H, > ¢ A (Ep(Ewh(€) <
400, it follows from Assumption 2 that bubbles do not arise in equilibrium.

Therefore, we conclude that, if ¢(¢) > 0 then (n"(u);u > €) #0, for all h € H.

(2) Suppose that, for some h € H, there exists p > & such that q(u)z" (1) = —p(p)M.
Since monotonicity of preferences implies that p(§) > 0, if M # 0 then g(u) > 0. Also,
Assumption 1 assures that Kuhn-Tucker multipliers, (7"(n);n € D), are strictly positive.
Therefore, the equations that define shadow prices imply that ¢(£) > 0. O

Some remarks,

o The proof of the Theorem implies that under Assumption 2 the monetary position of

each agent is uniformly bounded—in real terms—along the even-tree. Thus, it is easy

15



to find a vector M* € Ri such that, in any equilibrium, and for each node &, the debt
constraint q(£)z"(¢) > —p(¢§)M* is non-binding. Therefore, when M > M*, monetary
equilibria disappear. That is, contrary to what might be expected, frictions induced by

debt constraints improve welfare.

o Given a monetary equilibrium, there always exists a non-arbitrage deflator in the asset-
pricing kernel and incompatible with physical Euler conditions (see Definition 2), for which

the price of money is a pure bubble. Indeed, define v := (v(§) : £ € D) by v(§) = 1, and

V&) = L vE > &1 9(€) =0,
v(§) (&) ‘
(€] T e ey e
Euler conditions on (y*(¢); € € D) imply that, for each £ € D, v(£)q(¢) = Zu€£+ V() (p).

Therefore, using the plan of deflators v, financial Fuler conditions hold and the positive
price of money is a bubble.

Also, since under Assumption 2 the monetary position of each agent is uniformly
bounded along the event-tree, the existence of a bubble implies that under these deflators
the deflated value of future individual endowments has to be infinite. This deflator is com-
patible with zero shadow prices and our observation conforms to the results by Santos and
Woodford (1997): a monetary bubble may only occur, for a deflator in the asset pricing

kernel, if for this deflator the present value of aggregate wealth is infinite.

o If we allow in our model for an increasing number of non-redundant securities in or-
der to assure that aggregated wealth can be replicated by the deliveries of a portfolio
trading plan, money will have zero price. Indeed, in this context, independently of the
non-arbitrage deflator, the discounted value of future wealth must be finite (see Santos and
Woodford (1997)). Therefore, if money has a positive value, we obtain a contradiction,
since as we say above, we may always construct a deflator in the asset pricing kernel under
which the discounted value of aggregated wealth is infinite. However, the issue of new

assets, in order to achieve that efficacy of the financial markets, can be too costly.

o In models addressing the role of money as a medium of exchange, starting with Clower

(1967), it is instead liquidity frictions that become crucial. In a recent work along those
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lines, Santos (2006) showed that monetary equilibrium only arises when cash-in-advance
constraints are binding infinitely often for all agents. Also, in a cashless economy with no
short-sales restrictions, Gimenez (2005) provided examples of monetary bubbles that can

be reinterpreted as positive fundamental values.

PROPOSITION 6.
Under Assumption 1, if for each € € D, uM(€,-) is differentiable in R£+ and

Ly ), —0+ Vul (€, 2) = +o0, then any monetary equilibrium is Pareto inefficient.

ProoOF.

Suppose that there exists an efficient monetary equilibrium, in the sense that individuals’
marginal rates of substitution coincide. As limy, . o+ Vul (€, 2) = +oo, V(h, &) € H x
D, all agents have interior consumption along the event-tree. Positive net supply of money
implies that there exists, at each £ € D, at least one lender. Therefore, by the efficiency
property, it follows that all individuals have zero shadow prices. Therefore, it follows from
the transversality condition of Definition 2, jointly with Proposition 5, that ¢(§) = 0 for

any node £ € D. A contradiction. O

7. Monetary equilibrium in the absence of uniform impatience

To highlight the role of uniform impatience we adapt Example 1 in Araujo, Pascoa and
Torres-Martinez (2007) in order to prove that without uniform impatience on preferences
money may have a bubble for deflators that give a finite present value of aggregate wealth,
even for Kuhn-Tucker multipliers. Essentially this happens because individuals will be-
lieve that, as time goes on, the probability that the economy may fall in a path in which
endowments increase without an upper bound converges to zero fast enough. Notice that
it must be the case that the supremum over all asset pricing kernel deflators of the present
value of aggregate wealth is infinite (see Santos and Woodford (1997), Theorem 3.1 and
Corollary 3.2).

EXAMPLE. Assume that each & € D has two successors: ¢ = {€% ¢?}. There are

two agents H = {1,2} and only one commodity. Each h € H has physical endowments
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(wg)ge D, receives financial endowments e > 0 only at the first node, and has preferences
represented by the utility function U”(z) = deD ﬁt(f)ph(g) x¢, where 3 € (0,1) and the
plan (p"(€))¢ep € (0,1)7 satisfies p(&y) = 1, p(€) = p"(&%) + p(€*) and
1
€ = e © e = (1 =) O
Suppose that agent h = 1 is the only one endowed with the asset, i.e., (e!,e?) = (1,0)
and that, for each £ € D,
ol 1t B if ¢ € D, 2o 1t U if ¢ € {¢dyu DU,
€ 1 otherwise ; § 1 otherwise ;
where D is the set of nodes attained after going down followed by up, that is, D% =
{neD: 3 n=(&H" } and D" denotes the set of nodes reached by going up and then
down, that is, D" = {n e D: 3¢, n=(£9)? }.

Agents will use positive endowment shocks in low probability states to buy money and
sell it later in states with higher probabilities. Let prices be (p¢, g¢)eep = (BHE), 1)¢ep and
suppose that consumption of agent h is given by :cg = w?/, where h # I/. Tt follows from
budget constraints that, at each £, the portfolio of agent A must satisfy zé’ = 4O (wéZ —
=€ and h # K.

I h h
we') + 2= e

Thus, consumption allocations jointly with the portfolio allocations (zglo, zgu, 251d) =

, where z

(1, 1, 0) and (zg)gep =(1- Zé)gep are budget and market feasible. Finally, given (h,§) €
Hx D, let 7? = p"(€) be the candidate for Kuhn-Tucker multiplier of agent A at node &. Tt
follows that conditions below hold and they assure individual optimality (see Proposition

A2 in the Appendix A),

(Vepe:viae) = (B"90"(€),vfugen + Viagea),

Z ’yf;pn]\/[ — 0, as T' — 400,
{neD:t(n)=T}

Z ’yf;q,?z,]; — 0, as T — 4oo0.
{neD:t(n)=T}

Note that, by construction and independently of M > 0, the plan of shadow prices
associated to debt constraints is zero. Therefore, for any M, money has a zero fundamental
value and a bubble under Kuhn-Tucker multipliers. Also, the diversity of individuals

beliefs about the uncertainty (probabilities p(¢)) implies that both agents perceive a
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finite present value of aggregate wealth.? Finally, Assumption 2 is not satisfied, because

aggregated physical endowments were unbounded along the event-tree.? O

2Using agent’ h Kuhn-Tucker multipliers as deflators, the present value of aggregated wealth at
¢ € D, denoted by PVEh, satisfies,

1
PrE = Y2 hpﬂ Zp PE) 2 s
l‘>5 y,>§ {/LZ{:#EDudUDduU{gg}}
_ B 5 o ()
1-3 p"(€)
{p>&:peDuduDIvu{Edy, t(u)<t(£)+1}
“+o0
1 1 1\ 1
o 2 g () ()
s=t(§)+1
B gt(i) 3 1 1 1 1 h
- 21fﬂ+§2t<s>_§4t<£)+ph(5) 2 pHm) < e

{u>&:peDuduDav ¢(p)<t(£)+1}

3If Assumption B holds, there are (§,7) € Ry, x (0,1) such that, for any node & € D" :=
{peD:3neDyp= ")},

h
1w 1—
S - 5 T §p (W)BIW,, Vhe H.

) ﬁt(g)p /t>§
Thus, for all (£, h) € D" x H, §© ( . WE) > PV}, On the other hand, given ¢ € D",
1 1
1 1 o o
PVe 2 1 (E) Z prn) =1 2H(E)+1

{u>&:peDuduDd ¢(n)<t(£)+1}

Therefore, as for any T' € N there exists £ € D"* with ¢({) = T, we conclude that,
/T (ﬁ + 2) > 0.5, for all T'> 0. A contradiction.
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Appendix

PROOF OF PROPOSITION 2. Let £ : R¥F! x R¥F! — R U {—o0} be the function defined

by LE(y(€),y(€7)) = v"(&y(€)) —7"(€) g2 (y(€),y(§); p, @), where y(€) = (2(£), 2(€)) and
vP(€,-) i RE X R — RU{—o0} is given by

ul (€, x if .
oM (€, y(€)) :{ v (&, z(€)) if x(&) > 0;

00 otherwise.

It follows from Assumption 1 and Euler conditions that, for each T > 0,

>0 Lk0,0)= Y LEWMO.WE) < = D A€ 0 - 2"(9)).

&eDT geDT §EDT

Therefore, as for each £ € D, y(¢) gg(yh(g), "(€7);p,q) = 0, we have that, for any S € N,

< timsup D0 A"(©) (" (€) + a(§)e"(€))

£eDT
< UMa") +limsup Y 4"(€)a(6)="(€)
T
£eDr
< UMah) < 400,
which concludes the proof. O

PRrROOF OF PROPOSITION 3. Suppose that (yh(f))geD is optimal for agent h € H at prices

(p,q). For each T' € N, consider the truncated optimization problem,

max 35 ut(§,x(8))

ceDT
(P gt (y(€),y(& )i pg) < 0, VEe DT,
s.t. q(€)z(¢) > —p(§)M, V¢ e DT\ Dr,
((£), 2(n)) > 0, V(&n) e D' x Dr.

It follows that, under Assumption 1, each truncated problem P™T has a solution
h.T 7.4 Moreover, the optimality of (y" p in the original problem implies
(y ¢eD p y of (y"(€))¢e ginal p p
that U"(2") is greater than or equal to > eeDT ul(&, 2T (€)). In fact, the plan (J¢)eep
that equals to y¢ = y?’T, if ¢ € DT, and equals to ge = 0,if £ € D\ Dy, is budget feasible

h,T

in the original economy and, therefore, the allocation (y"*(§))ccpr cannot improve the

utility level of agent h.

4In fact, as (y"(€))eep is optimal and U™ (z") < +o0, it follows that there exists a solution for
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Given a multiplier v € R, let E?(-,'y;p, q) : REFL x REFL  RU {—00} be the La-

grangian at node &, i.e.,

LEWE©),y(E ), prg) =v"(€y(€) — 792 (y(©), y(& )ip.q).

It follows from Rockafellar (1997, Theorem 28.3) that there exist non-negative multi-

pliers (Y7 (¢)) ¢epr such that the following saddle point property

> L@y, s pg) < Y LG (E), T € pg), (1)

geDT ¢eDT

is satisfied, for each plan (y(§))ccpr = (2(§), 2(§))¢epr for which

07 V(f»ﬁ) € DT X DT7

a(§)z(§) = —p)M, v¢ e DT\ Dr.

—~
8
—~
I
~
N
—
=
~—
~—
V

Moreover, at each node ¢ € DT, multipliers satisfy,

V) gk (™ (). 4" (€ )ip,q) = 0.

Analogous arguments to those made in Claims A1-A3 in Araujo, Pascoa and Torres-

Martinez (2007) imply that,

P™T if and only if there exists a solution for the problem,

max 3 u(§x(6))

€eDT
- gt (y(€),y(€7);p,g) < 0,¥€ € DT, where y(€) = (2(¢), 2(¢)),
(P™7) ot 2(&) > —pl(f()fj)w, V¢ € DT such that q(¢) > 0,
o z(€) = 0,if €€ DT andq(¢) = 0] oré € Dy,
z(8) > 0,v¢e DT

Indeed, it follows from the existence of an optimal plan which gives finite utility that if ¢(£) = 0
for some & € D, then ¢(u) = 0 for each successor > £. Now, budget feasibility assures that,

p§w"(€)
q(§)

As z(&; ) = 0, the set of feasible financial positions is bounded in the problem (Ph’T). Thus, budget
feasible consumption allocations are also bounded and, therefore, the set of admissible strategies
is compact. As the objective function is continuous, there is a solution for (P*T).

z(€) < + 2(¢7), V&€ € DT such that ¢(¢) > 0.
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CLAaM. Under Assumption 1, the following conditions hold:

(i) For each t <T,

0< 3 /M) (PO +a(©)e(©)) < U ("),

¢eDt

(i1) For each 0 <t < T,

> AT©e©) e < DY WE A" (©).

¢eDy ¢eD\Dt—1

(iii) For each & € DT=1 and for any y(€) = (x(£), 2(€)), with x(€) > 0 and q(£)z(€) >
—p(EM,

u"(&,2(€)) — u"(€,2"(€)) <
('yh’T(i)p(i);vh’T(é‘)Q(ﬁ) -> '/"T(u)q(u)) - (y(&) = ¥"(9))

£ Y et ).
neD\DT
Now, at each £ € D, wh(€) := minjc, w"(€,1) > 0. Also, as a consequence of mono-
tonicity of u"(¢), ||p(€)||s > 0. Thus, item (i) above guarantees that, for each ¢ € D,

Ul (")
wh(&) [[p(&)lls

Therefore, the sequence (’yh’T(ﬁ))TZt(é) is bounded, node by node. As the event-tree

0 <y™(¢) < VT > 1(£).

is countable, there is a common subsequence (Tk)reny C N and non-negative multipliers

("(€))ecp such that, for each € € D, yhTe(€) = 1o ¥1(€), and

V(g (. a,y"(€),y"(€7) = 0; (2)
limsup Y 7"(€)q(¢)"(¢7) < 0, (3)
t—-4o00 ¢eD

where equation (2) follows from the strictly monotonicity of u”(¢), and equation (3) is a
consequence of item (ii) (taking the limit as 7' goes to infinity and, afterwards, the limit

in t).
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Moreover, using item (iii), and taking the limit as T' goes to infinity, we obtain that,

for each y(§) = (x(£), 2(£)), with z(£) = 0 and ¢(§)z(§) = —p(§)M,

uP(&x(8) — ut(E ")
< (OP©): Y"(©a©) = D A (wa(w) - &) — ().

pegt

Let FM(&,p,q) = {(z,2) EREXR: 2 >0 A q(&)z > —p(&)M}.

It follows that (’yh(ﬁ)p(f) cy(©)q(€) — > peet yh(u)q(u)) belongs to the super-differential
set of the function v (&, -)+6(-, F"(&, p, q)) at point y"(¢), where 6(y, F"(£,p, q)) = 0, when
y € F"(& p,q) and 6(y, F'(€,p,q)) = —oo, otherwise. Notice that, for each y € F*(&,p, q),
K€y, F'Ep,q) € 0<k(y —y), YV € F'Ep,q).

Now, by Theorem 23.8 in Rockafellar (1997), for all y € F"(£,p, q), if v/(£) belongs to
A [v"(&,y) + 6(y, F"(&,p,q))] then there exists ¥/(£) € dv"(£,y) such that both v/(§) >
/(&) and (V'(&) — /(&) - (z,q(&)z + p(§)M) = 0, where y = (z, z). Therefore, it follows
that there exists, for each € € D, a super-gradient #'(€) € 9v" (&, y"(€)) such that,

(’vh(ﬁ)p(&); Y (€)al€) = ) vh(u)q(u)> —'(¢) > 0,

peET

[(vh(f)p(ﬁ = > M ) '(6)]
peE™

- (2"(€), ¢(8)2"(&) + p(§)M) = 0.

As (&) € v (&, y(€)) if and only if there is u/(€) € dul (&, z"(€)) such that 7/ (€) =
(u'(€),0), it follows from last inequalities that Euler conditions hold.
Also, item (i) in claim above guarantees that, Y . p 7" (€)(p(&)w"(€) + q(£)e"(€)) <

+oo and, therefore, equations (2) and (3) assure that,

i sup;_ 4 o0 Yo eep, 7" (§)a(€)2"(€)
< timsup Y 7"(©) (p(©)w" () +a(©)e" (€) + a()="(§))

< limsup Y 7"(€)a(€)2"(€7) < 0,

which implies that transversality condition holds. O
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PROOF OF PROPOSITION 4. Note that, under the hypotheses in the proposition, it follows

that
lim > 4"(€)q(€)"(¢) =0.

T—+o00
£eDr

On the other hand, it follows from Euler conditions that, for each T > 0,

> LEWE),y(E ) Qi pa) = Y LEWH(E). ¥ (€).AE pa)

ceDT ceDT
<= O (2(8) - 2M(9).
£eDr
Moreover, as at each node & € D we have that yh(g)gg(yh(ﬁ),yh(ﬁ_);p, q) = 0, each
budget feasible allocation y = ((x(&), 2(£)); £ € D) must satisfy

Soulga(©) = Y u(& ") < = D YOO - M)

¢eDT £eDT éeDr

Now, as the sequence < > 'yh(f)q(ﬁ)zh(ﬁ)> converges, it is bounded. Thus,
¢ebr TeN

lim sup ( > MO (=(9) zh(»s))) < limsup ( > vh(ﬁ)q(é)Z(ﬁ))
T—+o00 ¢eDr T—400 ¢eDr
< Jlim 0 A"(OpOM =0
§eDr
Therefore,
U () =limsup >, u"(€,2(&)) < U" ("),
T=Fe0 cepr

which guarantees that the allocation (z"(€), 2"(€))eep is optimal. O

PROOF OF PROPOSITION 5. By Proposition 3, there are, for each agent h € H, non-

negative shadow prices (7"(£); € € D), satisfying for each ¢ € D,

0 = 09 (a(©)="(&) +p(e)M):
PO = Y A wal) + " (€)a(€).

peET

Therefore,

Y€€ =D n"(walw) + lim > A (wa(p).

T
B o D (e)
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As multipliers and monetary prices are non-negative, the infinite sum in the right hand
side of equation above is well defined, because its partial sums are increasing and bounded

by Y"(€)q(&). This also implies that the limit of the (discounted) asset price exists. O
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