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The Recent Brazilian Disin�ation Process
And Costs�

Alexandre A. Tombiniy Sergio A. Lago Alvesz

Abstract

This Working Paper should not be reported as representing the views of the

Banco Central do Brasil. The views expressed in the paper are those of the

authors and do not necessarily re�ect those of the Banco Central do Brasil.

This work revisits the recent disin�ation process in Brazil and �nds that
solely the agents�perception that a policy rupture could occur is capable of
triggering a change in the way �rms and households used to behave in their
pricing and consuming decisions. This change was captured by structural
breaks in the parameters of a generalized hybrid Phillips curve, following the
2002 in�ation shock. The paper also shows that such parameter changes led
to an increase in the disin�ation cost evidenced by a free market in�ation gain
that would have been observed should the coe¢ cients on the Phillips curve
have not changed. The paper �nds that, maintaining the occurred paths
for interest rates, output gap, nominal exchange rates, administered price
in�ation and exogenous shocks, the free market in�ation would have been
signi�cantly lower in the absence of such structural break in the underlying
in�ation process, since mid 2002.
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1 Introduction

In the months preceding the 2002 presidential election, uncertainties surrounding

the macroeconomic framework to be implemented by the upcoming administration

and a heightened risk aversion in global markets, produced an unprecedented shock,

making it harder for the Central Bank of Brazil to pursue the pre-determined in�a-

tion targets in the years that followed.

As shown in Alves, Areosa and Tombini (2005), time-varying estimates of a new

Keynesian Phillips curve indicated an increase in the in�ation inertia, with respect

to both the free market and monitored items price in�ations; an increase in the

exchange rate pass-through coe¢ cient; and a reduction in the future in�ation ex-

pectations term. Such a structural change was accompanied by a strong sovereign

risk premium shock that almost halved the nominal exchange rate within the short

period from May to October 2002. As a consequence, a large in�ation pressure

emerged. Its e¤ects lasted much longer than in previous episodes, due to the in-

crease in in�ation persistence that followed the 2002 shock. The Brazilian monetary

authority reacted promptly, but found it even harder to disin�ate having to face a

�attened Phillips curve.

As it will be shown later on, such a structural change could not be strictly

viewed as an instance in which the traditional Lucas� critique was in operation.

From the outset of the new administration, monetary and �scal policies continued

to be implemented in a sound and consistent manner. Nonetheless, the agents�

perception on the probability of a possible event in which such a rupture could

occur, triggered a change in the way �rms and consumers behaved in their pricing

and consuming decisions. Hence, one of the important outcomes of the paper is

the empirical �nding that generalizes the well-stated results highlighted by Lucas.

We now understand that the uncertainty regarding the anticipated perception of

a possible policy change su¢ ces to trigger changes in reduced-form Phillips curve

parameters, irrespective of whether the event is con�rmed or not. Incidentally these

changes imposed higher disin�ation costs to Brazil.

This paper presents a methodology to estimate a disin�ation cost measure and

applies it to the recent Brazilian case. The disin�ation cost is presented in a simple
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way: the in�ation gain that would have been observed should the coe¢ cients on the

Phillips curve have not changed.

This work is divided as follows: Section 2 presents some background about the

context in which the uncertainty regarding the new administration was formed;

Section 3 presents and updates one of the time-varying estimations shown in Alves,

Areosa and Tombini (2005) and determines the disin�ation cost measured in terms

of in�ation gains; Section 4 provides a few conclusions.

2 Background

2.1 In�ation

In July 1999, following the �oating of the real earlier that year, Brazil adopted

in�ation targeting as the monetary policy framework. The Brazilian IPCA (broad

consumer price index) was chosen as the in�ation target index. Thus, we will focus

our assessment on the behavior of this particular index, as in Alves, Areosa and

Tombini1 (2005).
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Figure 1: Weights in IPCA

It is a traditional approach in Brazil to disaggregate IPCA in its two main com-

ponents: free market prices and monitored prices. The latter consist of government-

administered prices and utility prices de�ned by contractual clauses as in the case of

1We address the readers to this paper in order to obtain more details about Brazilian in�ation
stylized facts.

5



telephone and power2. Freely determined prices, the ones directly a¤ected by mon-

etary policy, are broken down into tradables (only consumption tradable goods),

and non-tradables. Figure 1 shows the relative weights of monitored, tradables and

non-tradables prices in IPCA from 2000 on.

0

5

10

15

20

25

ja
n/

00

ja
n/

01

ja
n/

02

ja
n/

03

ja
n/

04

ja
n/

05

ja
n/

06

Monitored (%) Market (%)

IPCA (%)

0

5

10

15

20

ja
n/

00

ja
n/

01

ja
n/

02

ja
n/

03

ja
n/

04

ja
n/

05

ja
n/

06

Central Target Adjusted Target Upper Band
12­Month IPCA Band(%)

Figure 2: In�ation Targets and 12-Month In�ation Rates

In Brazil, monitored prices have systematically increased more than free market

prices during the last decade - Figure 2 depicts the in�ation targets, with tolerance

bands, and the occurred in�ation dynamics since 2000. With the �oating of the

real in early 1999, monitored prices moved far ahead of IPCA. Therefore, since

monitored items have no close substitutes and are essentials, their shares in the

consumption bundle have monotonically increased, reaching almost 30 percent in

2005 (Figure 1). In January 2006, the monitored basket de�nition was changed in

order to add medicinal items, whose prices adjustments were regulated in 2003/2004,

and exclude fuel alcohol, since its price adjustments criteria were deregulated in the

past few years. As a consequence, monitored price weights changed since January

2006.

The last stylized fact is to a large extent explained by the long-lived pass-through

of imported in�ation - foreign in�ation added to exchange rate depreciation - to

monitored prices3. A signi�cant portion of these prices is a¤ected by international

oil prices or is contractually adjusted by the general price index4 (IGP-M), mostly

2A thorough analysis on monitored prices in Brazil is found in Figueiredo and Ferreira (2002).
3We will return to this issue in the next subsection.
4The IGP-M is released by Getulio Vargas Foundation (FGV), and is comprised of 60 percent
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comprised by wholesale and tradable prices of consumption and intermediate items.

The evolution of the 12-month foreign in�ation5 in domestic currency can be seen

in Figure 3.
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Figure 3: 12-Month Imported Foreign In�ation (%)

2.2 Policy

The previously mentioned combination of the domestically driven shock together

with the increased risk aversion in mid 2002 unsettled domestic and foreign investors,

decreasing the demand for �real�denominated claims. The rollover of domestic debt

became quite challenging and Brazil experienced a sudden stop in capital �ows,

a¤ecting both in�ation and in�ation expectations, through the sharp depreciation

of the �real�.

Against this unfavorable global and domestic backdrop, achievement of the stated

in�ation targets turned out to be extremely di¢ cult, with IPCA6 in�ation reaching

12.5 percent in 2002, far above the 3.5 percent central in�ation target7.

The challenge in early 2003, with the inauguration of the new administration, was

how to regain control over in�ation and in�ation expectations. The �rst move was

to con�rm the commitment of the new government with �scal consolidation and

of the wholesale price index (IPA-M), 30 percent of consumer price index (IPC-M) and 10 percent
of construction costs (INCC-M).

5We considered the US export prices (all commodities) as the foreign prices. The term 12-Month
imported foreign in�ation relates to depreciation added to foreign in�ation.

6IPCA is the Brazilian broad consumer price index, used to gauge the in�ation targets.
7In addition to the central in�ation target, there was a 2-percentage points tolerance interval.
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with the monetary policy framework, combining the in�ation target and �oating

exchange rate.

The target for the primary surplus to GDP ratio was immediately raised to 4.25

percent of GDP. As to the monetary policy strategy, the Central Bank of Brazil

continued to raise interest rates (Selic) early in 2003 to reverse the in�ationary

shock, as depicted in Figure 4.
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Figure 4: Monetary Policy

However, since the in�ation target was missed by a very large margin in 2002,

the original multiyear framework - which established a 4.0 percent in�ation target

for 2003 and 3.75 percent thereafter - was not a credible anchor anymore8. Their

achievement in such a short time would have required a sharp economic contraction.

Hence, in an open letter to the Minister of Finance, the Governor of the Central Bank

of Brazil proposed an adjusted target trajectory that would be credible and allow

the Central Bank of Brazil to regain control over in�ation and in�ation expectations,

while smoothing out the economic cost of disin�ation9.

8In Alves and Areosa (2005), the authors derive a New-Keynesian Phillips curve (NKPC) in-
corporating indexation not only to past in�ation, but also to in�ation targets, generalizing the
Woodford (2003) hybrid curve. One of their major �ndings is that the target ability of anchoring
in�ation - which measures the credibility of a short-run achievement of the in�ation targets - has
strongly decreased from mid 2002 to the end of 2003, when the target ability of anchoring in�ation
has been restored to the levels prevailing in 2000.

9The above mentioned work of Alves and Areosa (2005) shows that an "adjusted target" is
what a central bank should optimally pursue in order to minimize a welfare-based loss function.
Indeed, the welfare-based "adjusted target" can be de�ned as � � �t arg ett + (1� �) � �t�1, where �
is a parameter that measures the target ability of anchoring in�ation. Note that the lower such
a parameter is, the more the monetary authority should "adjust" the target with lagged in�ation
rates in order to maximize the welfare criterion.
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Therefore, an adjusted in�ation target for 2003 was announced: 8.5 percent for

2003 while the o¢ cial in�ation target for 2004 was set to 5.5 percent, with a tolerance

band of 2.5 percentage points - see Figure 2. The �exibility to cope with the large

size of the 2002 shock succeeded, with the Central Bank of Brazil being successful

in regaining control over in�ation expectations and delivering the new disin�ation

path.

3 The disin�ation cost

We updated the general shaped hybrid Phillips curve approach shown in Alves,

Areosa and Tombini (2005) to assess changes in the in�ation process. To estimate

time-varying coe¢ cients we applied the Kalman �lter method10. This section is

highly based on that work.

In our �nal time-varying approach, we used an instrumentalyzed future in�a-

tion expectation term, considering the following state space model11, in which all

variables were seasonally adjusted:

�freet = �1t ��
free
t�1 +�2t ��monitt�1 +�3t �Et�

free
t+1 +�4t �

�
�et�1 + �

f
t�1

�
+�5t �xt�5+"t (1)

With:

�1t = �1t�1 + �1t ; �2t = �2t�1 + �2t
�4t = �4t�1 + �3t ; �5t = �5t�1 + �4t
�it � N (0; �2) i:i:d: 8i 2 f1; 2; 3; 4g

�3t = (1� �1t � �2t � �4t)
"t = �6 � "t�1 + �"t
�"t � N (0; �2")

10We considered monthly data. In�ation rates are not annualized, so some of the estimated
coe¢ cients (e.g., pass-through and output gap) are expected to be near to one third of the usu-
ally estimated ones in quarterly frequency. The in�ation expectations term was instrumentally
determined in the �rst step of a 2SLS estimation.
11We used the Brazilian IPCA (broad consumer price index). Issues concerning the chosen lags

are detailed in Alves, Areosa and Tombini (2005). Using cross-correlograms exercises, the authors
�nd that free-market in�ation is mostly correlated to the 5-month lagged output gap. Regarding
the verticality constraint, alternative models in which such a constraint was not imposed rejected
the null of non-verticality. Indeed, the time-varying estimatives for the sum of in�ation coe¢ cients
and pass-through ranged around 1. Regarding the time-varying coe¢ cients speci�cation, modeling
them as describing random walk paths within the limited sample is very standard in the literature
for allowing any possible level breaks or trend patterns to be captured. Regarding the AR(1)
assumption on the error term, it is important in order to correct any problems coming from
possible error serial correlation.
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Where �freet is the market in�ation, �monitt is the monitored price in�ation, et is

the nominal exchange rate, �ft is the foreign in�ation
12, xt is the output gap and "t

is the error term. All of them are logarithmized.

Table 3 summarizes the estimates13 for the error term auto-correlation and for

the standard deviations14. Note that the autoregressive coe¢ cient of the error term

is very low and non-signi�cant, indicating that our estimatives would not be biased

should we estimate them without the AR(1) assumption on the error term.

Table 1: Estimates
Parameter Coef St:Dev: z p

�6 -4.2E-06 7.5E-06 -0.56 0.58
� 5.6E-03 2.1E-03 2.61 0.01
�" 2.2E-03 1.2E-04 19.03 0.00

In the next subsection, we assess the time-varying estimates for the coe¢ cients.

3.1 Time-varying coe¢ cients
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Figure 5: Persistence and In�ation Expectation Coe¢ cients

Figures 5 and 6 show our time-varying estimates for the hybrid curve, within

2-standard deviation con�dence intervals. Note that they di¤er a little from the

12We considered the US export prices (all commodities) as the foreign prices.
13We used the method Maximum likelihood (Marquardt) with the following sample: Mar 1995

to Mar 2006. Log likelihood: 572.90 .
14Once the time-varying coe¢ cients were modeled as random walks, interpretations regarding

�2 should be made with care, for the total variance must be calculated adding �2 to the variances
implied by their time-varying paths within the limited sample.
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Figure 6: Foreign In�ation Pass-Through and Output Gap Coe¢ cients

ones obtained in Alves, Areosa and Tombini (2005). Such a slight di¤erence is

probably due to di¤erent assumptions regarding the instrument list when obtaining

the in�ation expectation term. However, our estimates have the same pattern shown

in that paper.

The main outcomes are the following:

� In�ation persistence from free market prices have slightly and persistently

increased at the end of 2002, despite the sharp reduction observed from mid

1999 to 200215.

� In�ation persistence from monitored prices have been increasing, showing two

persistent jumps: at the beginning of 1999 and at the end of 2002;

� The expectation term has slightly lost its importance at the end of 2002,

regardless the fact that its coe¢ cient is much higher than it was prior to 1999.

� The pass-through coe¢ cient has persistently increased since mid 200216;

� The Phillips curve became �atter from mid 2002 on17.

15Such a reduction is in line with Minella et al (2003) and Alves (2001).
16The �nding is probably due to the increase in the Brazilian foreign trade that occurred since

2002. For more results on the Brazilian pass-through coe¢ cient, see for example Bogdanski et al
(2000), Goldfajn and Werlang (2000), Muinhos (2001), Belaisch (2003), Muinhos and Alves (2003),
Minella et al (2003), Correa and Minella (2005) and Albuquerque and Portugal (2005).
17Alves, Areosa and Tombini (2005) found evidence that output gap coe¢ cient rises when the

economy is overheated, indicating that the Phillips curve may have a convex shape in relation to
the output gap term. This evidence means that as the product level rises above its natural level,
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3.2 Assessing the disin�ation cost

In mid 2002, the Central Bank of Brazil had to react promptly to �ght the in�ation-

ary e¤ects caused by the sharp exchange rate depreciation as shown in Figure 3. It

found it harder however, to �ght in�ation as a consequence of the structural changes

in the underlying in�ation process. This structural change raised the persistence of

the in�ationary shock and lowered the output gap coe¢ cient. Therefore, monetary

policy had to be tighter than before, increasing the cost of disin�ation from mid

2002 on.

Note that the structural changes in the underlying in�ation process cannot be

strictly viewed as an instance in which the traditional Lucas�critique was in opera-

tion. Indeed, from the outset of the new administration, monetary and �scal policies

continued to be implemented in a sound and consistent manner. To the contrary,

monetary policy continued to be conducted in a way to ensure the achievement of

the in�ation targets and �scal policy became tighter to restore credibility and to

achieve faster consolidation.

However, the agents�perception on the probability of a possible event in which

a policy rupture could occur triggered a change in the way �rms and households

used to behave in their pricing and consuming decisions. Thus, such uncertainty,

even though not con�rmed ex-post, su¢ ced to cause the previously assessed changes

in the aggregated parameters of the considered Phillips curve. Such changes surely

imposed higher disin�ation costs to the Brazilian economy.

A straightforward methodology is presented to estimate the disin�ation cost and

applied to the recent Brazilian disin�ation process. We measure the in�ation gain

that would have been observed should the coe¢ cients on the Phillips curve have

not changed, maintaining the occurred paths for interest rates, output gap, nomi-

nal exchange rates, monitored in�ation and exogenous shocks. So we simulate the

probable free market in�ation path that would have occurred in such environment.

The di¤erence between the occurred path and the simulated free market in�ation

production restrictions induce upward pressures on in�ation with an increasing magnitude, at the
margin. Therefore, monetary policy may �nd it easier to reduce in�ation if the economy is not in
a recession, for the sacri�ce ratio will be lower. Laxton et al (1998) and Clark et al (1995) found
such evidence using US data. For a review on the evolution of views on this issue, see Clark and
Laxton (1997).
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rates will be our measure of the disin�ation cost.

For forecasting purposes, it is usual to assume that Et"t+j = 0 for any period t+j

in the future, so model consistent simulations can be run assuming Et�
free
t+1 = �

free
t+1

for any period t+ j in the future.

But now, due to the presence of occurred exogenous shocks, our simulation

with rational expectations had to be made with care, for the correct relation was

�free�+1 = E��
free
�+1 + �"�+1 for any past period � in the sample. Since our time-varying

estimations were carried out considering an instrumentalyzed in�ation expectation

term that could di¤er from the actual latent expectation term, the econometric

residuals were not the correct series to be used as �"� . Indeed, if we assume that the

time-varying parameters are pre-de�ned with a one period lag, note that we can lead

(1) in one period and apply the iterating expectations property in order to obtain

the following expression:

�free�+1 = E��
free
�+1 +

h
"�+1 + �3�+1 �

�
E�+1�

free
�+2 � E��

free
�+2

�i
(2)

Denoting the term inside the brackets by �"�+1, we realize that �"� can depart from

"� depending on the magnitude of �3� �
�
E��

free
�+1 � E��1�

free
�+1

�
.

Hence, in order to obtain a more accurate measure for �"� , we considered an

iterative procedure described in the Appendix. With the new estimates for �"� , we

simulated the new path for the free market in�ation in a counter-factual approach,

maintaining the occurred paths for interests rates, output gap, nominal exchange

rates, monitored in�ation and exogenous shocks �"� . In such simulations, we found

the new rational expectation equilibrium path for the free market in�ation from July

2002 on, considering that the parameters in (1) were �xed in the previous average

levels occurred from January 1999 to June 2002.

Figure 7 compares the occurred seasonally adjusted monthly free market in�ation

path with the one that would have occurred should the coe¢ cients have not changed.

Note that the simulated in�ation rates are much lower than the occurred ones until

July 2004. This is due to the fact that the exchange rate began a long-lasting nominal

appreciation trend. Since the new pass-through coe¢ cients are higher than the

previous ones, such higher in�ation rates were expected to occur in the simulations.
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Figure 7: Counter Factual Simulation

Finally, we determined the accumulated disin�ation cost as about 20 percentage

points from July 2002 to December 2005, which means that the free market in�ation

could be, on average, 6 percentage points lower18, in an annual basis, if the parameter

had not changed after mid 2002, maintaining the occurred paths for the previously

mentioned variables.

4 Concluding remarks

Using a Kalman �lter approach, we updated some of the estimates of Alves, Areosa

and Tombini (2005) and estimated time-varying parameters for a generalized hybrid

Phillips curve. We found that many of the coe¢ cients have moved to di¤erent levels

on at least two occasions. The �rst one was just after the change from the "crawling

peg" regime to the �oating, in 1999. Then, a change in the parameters was expected,

since the economic policy framework was signi�cantly altered. The most remarkable

change occurred in the pass-through coe¢ cient, which fell signi�cantly.

The second break occurred from mid 2002 on and was not related to a policy

change. Instead, it was related to the agents�perception on the probability of a

possible event in which a policy rupture could occur. Such uncertainty triggered a

change in the way �rms and households used to behave in their pricing and con-

suming decisions, causing the previously assessed changes in reduced-form Phillips

18In order to determine such an average, we considered the 42 months in the simulated sample
and computed (1� 0:20)(12=42) � 1 � �0:06.

14



curve parameters.

Such changes also imposed higher disin�ation costs to the Brazilian economy.

The Central Bank of Brazil found it harder to restore in�ation to their targets and

keep prices under control afterwards. Therefore, we presented a counter factual

method to estimate the disin�ation cost and estimated it, in accumulated in�ation

terms, at 20 percentage points from July 2002 to December 2005. If the parameters

had not changed from mid 2002 on, free market in�ation could have been about,

on average, 6 percentage points lower, in an annual basis, given the occurred path

for interests rates, output gap, nominal exchange rates, monitored in�ation and

exogenous shocks.

References

[1] Alves, Sergio A. L. (2001), "Evaluation of the Central Bank of Brazil Structural

Model�s In�ation Forecasts in an In�ation Targeting Framework", Central Bank

of Brazil, Working Paper Series No. 16, Jul.

[2] Alves, Sergio A. L. and Waldyr D. Areosa (2005), "Targets and in�ation dy-

namics", Central Bank of Brazil, Working Paper Series No. 100, Oct.

[3] Alves, Sergio A. L., Waldyr D. Areosa and Alexandre A. Tombini (2005), "The

evolving in�ation process in Brazil", presented at the Autumn Central Bank

Economists�meeting, held on October 27 and 28, 2005 at the Bank for Inter-

national Settlements in Basel, Switzerland.

[4] Albuquerque, Christiane R. and Marcelo S. Portugal (2005), "Pass-through

from exchange rate to prices in Brazil: an analysis using time-varying parame-

ters for the 1980 �2002 period", Central Bank of Brazil, mimeo.

[5] Belaisch, Agnes J. (2003), "Exchange Rate Pass-Through in Brazil", Interna-

tional Monetary Fund, IMF Working Paper No. 03/141, Jul.

[6] Bogdanski, Joel, Alexandre A. Tombini and Sérgio R. C. Werlang (2000), "Im-

plementing In�ation Targeting in Brazil", Central Bank of Brazil, Working

Paper Series No. 1, Jul.

15



[7] Clark, P.B. and D. Laxton (1997), "Phillips curves, Phillips lines and the un-

employment costs of overheating", International Monetary Fund, IMF Working

Paper No. 97/17, Feb.

[8] Clark, Peter B., Douglas Laxton and David Rose (1995), "Asymmetry in the

U.S. Output-In�ation Nexus - Issues and Evidence", International Monetary

Fund, IMF Working Paper No. 95/76, Aug.

[9] Correa, Arnildo S. and André Minella (2005), "Mecanismos não-lineares de

repasse cambial: um modelo de curva de Phillips com threshold para o Brasil",

presented at the VI In�ation Targeting Seminar sponsored by Central Bank of

Brazil, Rio de Janeiro, Brazil, Aug.

[10] Figueiredo, Francisco M. R. and Thaís Porto Ferreira (2002), "Os Preços Ad-

ministrados e a In�ação no Brasil", Central Bank of Brazil, Working Paper

Series No. 59, Dec.

[11] Goldfajn, Ilan and Sergio R. C. Werlang (2000). "The Pass-through from De-

preciation to In�ation: A Panel Study", Central Bank of Brazil, Working Paper

Series No. 5, Jul.

[12] Laxton, D., G. Rose and D. Tombakis (1998), �The U.S. Phillips curve: the

case for asymmetry�. Paper prepared for the Third Annual Computational

Economics Conference at Stanford University (Revised Version), June 30-July

2.

[13] Minella, André, Paulo Springer de Freitas, Ilan Goldfajn and Marcelo Kfoury

Muinhos (2003), "In�ation Targeting in Brazil: Constructing Credibility under

Exchange Rate Volatility", Journal of International Money and Finance 22 (7):

1015-1040, Dec.

[14] Muinhos, Marcelo K. (2001), "In�ation Targeting in an Open Financially Inte-

grated Emerging Economy: the case of Brazil", Central Bank of Brazil, Working

Paper Series No. 29, Aug.

16



[15] Muinhos, Marcelo K. and Sergio A. L. Alves (2003), "Medium-Size Macroeco-

nomic Model for the Brazilian Economy", Central Bank of Brazil, Working

Paper Series No. 64, Feb.

[16] Woodford, Michael (2003), Interest and Prices, Princeton: Princeton University

Press.

A Appendix

In order to obtain a more accurate measure for �"� , we considered an iterative proce-

dure in which the �rst step was made assuming that a �rst prior for the expectation

term was the occurred one. Hence we could determine a �rst estimate for E��
free
�+1

as follows:

�
E��

free
�+1

�
Step 1

= �1�+1 � �free� + �2�+1 � �monit� + �3�+1 � �
free
�+2 +

+�4�+1 �
�
�e� + �

f
�

�
+ �5�+1 � x��4

Hence, we obtained the following �rst step estimate for �"�+1:

(�"�+1)Step 1 = �
free
�+1 �

�
E��

free
�+1

�
Step 1

In the second step, we improved the estimate for E��
free
�+1 as follows:

�
E��

free
�+1

�
Step 2

= �1�+1 � �free� + �2�+1 � �monit� + �3�+1 �
�
E��

free
�+2

�
Step 1

+

+�4�+1 �
�
�e� + �

f
�

�
+ �5�+1 � x��4

Therefore, the second estimate for �"�+1 was:

(�"�+1)Step 2 = �
free
�+1 �

�
E��

free
�+1

�
Step 2

We then repeated the following iteration, namelly j, until (�"�+1)Step j have con-

verged to (�"�+1)Step j�1, e.g. until a tiny tolerance criterion had been achieved:
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�
E��

free
�+1

�
Step j

= �1�+1 � �free� + �2�+1 � �monit� + �3�+1 �
�
E��

free
�+2

�
Step j�1

+

+�4�+1 �
�
�e� + �

f
�

�
+ �5�+1 � x��4 (3)

And:

(�"�+1)Step j = �
free
�+1 �

�
E��

free
�+1

�
Step j�1

(4)
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